EXISTENCE AND REGULARITY FOR A CLASS OF
INFINITE-MEASURE (¢, ¢, K)-SUPERPROCESSES

ALEXANDER SCHIED

Abstract: We extend the class of (&,, K)-superprocesses known so far by applying a
simple transformation induced by a “weight function” for the one-particle motion. These
transformed superprocesses may exist under weak conditions on the branching parameters,
and their state space automatically extends to a certain space of possibly infinite Radon
measures. It turns out that a number of superprocesses which were so far not included in
the general theory fall into this class. For instance, we are able to extend the hyperbolic
branching catalyst of Fleischmann and Mueller [FM97] to the case of (-branching. In
the second part of this paper, we discuss regularity properties of our processes. Under the
assumption that the one-particle motion is a Hunt process, we show that our superprocesses
possess right versions having cadlag paths with respect to a natural topology on the state
space. The proof uses an approximation with branching particle systems on Skorohod
space.

1. Introduction

In recent years, there has been some effort to construct and describe the most gen-
eral class of superprocesses. A very general result in this direction is due to Dynkin
[Dy94]. He considers the so-called (,, K)-superprocesses which are determined by a
(time-inhomogeneous) strong Markov process £ = (&, I, ;) having cadlag paths in a topo-
logical space (E, B), a certain functional 1) acting on the space BT of positive measurable
functions, and a continuous additive functional K of £ satisfying

sup IT, » [K[r,t]} < o0, for all r < t, and

(1.1)

I, » [K[r, tH — 0 uniformly in x as r,t — s, for all s.

Here and throughout the paper we use the symbols P or Il to denote both a probability
and the corresponding expectation. The (§,, K)-superprocess X = (X, P, ,) then is a
Markov process taking values in the space M of finite positive measures on (E, B). It is
characterized by the Laplace functionals of its transition probabilities.

P X0) =~ fe B

where

o) = o [£(60) = [ 0°(0%)(&) K ()]
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Even though this class of superprocesses is very large, there are several examples of su-
perprocesses in the literature which are not contained in it. One of the oldest ones is due
to Iscoe [Is86], who extended the super-a-stable processes to a certain space of infinite
measures. A similar situation occurs in a recent paper of Dawson and Fleischmann [DF],
where £ is a Brownian motion , 1%(2)(z) := 2(z)?, and K is the collision local time between
¢ and a given typical super-Brownian path started in Lebesgue measure. Condition (1.1)
fails in this situation. Also very recently Fleischmann and Mueller [FM97] constructed a
superprocess where ¢ is one-dimensional Brownian motion killed at 0, *(2)(x) := 2(z)?,

and K(ds) = |&s]77ds with 1 < o < 2. Again (1.1) fails for K, at least if o = 2.

Our first aim in this paper is to show that these and other superprocesses can be
obtained from the class of Dynkin’s (£, 1, K)-superprocesses by applying a simple trans-
formation. This result can be stated in the general setting of [Dy94], but for simplicity
we will restrict ourselves to the case of local branching, where ¥*(z)(z) is a function of s,
x, and z(x). The surprising feature of our transformation is that it allows in many cases
to weaken substantially the conditions on the branching characteristics which are imposed
in [Dy94]. In the second part of the paper, we focus on the regularity of these superpro-
cesses. It will turn out that the transformed processes have cadlag sample paths in certain
spaces of tempered Radon measures. This is achieved by first showing that a large class of
(&,1, K)-superprocesses can be approximated by branching particle systems in the sense
of weak convergence on Skorohod space and by proving a lifting property of the quasi-
continuous functions of ¢ to quasi-continuous linear functions of X. Here our assumption
that only local branching is allowed becomes crucial. In the recent paper [DFL9S8] a differ-
ent approach to weakening (1.1) is taken. By approximation arguments it is shown that,
under some restrictions on the branching mechanism 1, only the first condition in (1.1)
will suffice to construct a (£, 1, K)-superprocess. However, also this framework does not
include the above examples.

The organization of this paper is the following. In the next section, we state our main
results and discuss examples and applications. The existence of our class of processes is
shown in Section 3. In Section 4, we collect some facts on branching particle systems,
which serve as a preparation for the proof of the weak convergence result. Our regularity
theorems are proved in section 6. An appendix on Skorohod spaces closes the paper.

2. Statement of the main results

We will mainly use the notation of [Dy94]. Let £ = (&, F(I),11, ;) be a (time inhomo-
geneous) Markov process (cf. [Dy94], Chapter 2) taking values in a metrizable topological
space E with Borel field B. We will assume in the sequel that E is a Polish space or,
slightly more general, a metrizable co-Souslin space (cf. [DM75]). Let bB and BT re-
spectively denote the set of all bounded and of all positive B-measurable functions, and
let bBY = BT N bB. Following [Dy94] the Markov process € is called right if ¢ — & (w)
is cadlag, for all w, and if [r,t) > s — Il ¢ [f(&)] is II, ,-a.s. right continuous, for all
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f € BT and p € M, where M is the space of all positive finite measures on (F,B) and
I, := [ u(dx)II, ,. Every right process is a strong Markov process (see e.g. [Ku84] or
[Dy94]). To avoid measurability problems we will also assume that (r,z) — IL, ,[f(&:)] is
measurable, for all f € bB and t > 0.

If K is a continuous additive functional of £ and ¢ : Ry x ExR; — [0, 00|, a M-valued
Markov process X = (X, P,,,,) is called (&, ¢, K)-superprocess if

(2.1) P e X0] == e Bt
where
(2.2) U(T, x) = HT’I [f(ft) _/ ¢8(§5,US(£5))K(dS) '

The following existence result for such superprocesses is taken from [Dy91a], [Dy94]*.

Theorem 2.1 (Dynkin): Suppose £ is a right process, K is an admissible additive
functional of € (i.e., K is continuous and satisfies (1.1)), and

(2.3) Vi (x,2) = a(x)z + b (x)2* + /(0 )(e_z“ — 1+ zu) £°(x, du),

where a and b are positive measurable functions, £ is a kernel from Ry x E to (0,00), and
the functions

a®(z), b°(x), / u A u? 05 (z, du)

(0,00)

are bounded on every set [0,T] x E. Then there exists a (§,1, K)-superprocess, whose
transition semigroup is uniquely determined by (2.1) and (2.2), because (2.2) is uniquely
solvable if f € bBT. Moreover, for f € BT,

P, X)) = / / F() wir, z, dy) u(dz),

where w(r, x,dy) is determined by the equations

[ 1) wt.dg) = wy(r,2) =11, [f(&)— / t [ wrts o], s e

* [Dy94] assumes that F is a metrizable Luzin space, which is a slightly stronger assumption than
being co-Souslinean. However, the crucial results of Section 3.3.4 of [Dy94] also hold under the even

weaker assumption that F is Radonian; cf. [Dy91a], [Dy91b].
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Let us now prepare for the statement of our first result. For a B-measurable function
o which takes values in R, let B, denote the set of functions f such that there exists a
constant ¢ with |f| < ¢+ p. Dually, M? will denote the set of all positive Radon measures
won (E,B) with (o, u) < co and (o = 0) = 0. We will call g a weight function for & if,
for every T' > 0, there is a constant ¢y > 0 such that

1
C—Q(.CC) <IL ;[0(&)] < cro(z), forall0<r<t<T.
T

An additive functional K of £ will be called g-admissible if it is continuous and satisfies
supIl, . [K[r,t]]/o(x) < oo, for all r < t, and
II, . [K[r,t]] /o(z) — 0 uniformly in z as r,t — s, for all s.

Finally, let £° = (&, F(I), Hgﬁm) denote the process obtained from & by Kkilling at exiting
{p > 0}.

Theorem 2.2: Sugpose 0 is a weight function for the right process &, K is p-admissible,
and 1 is such that ¥°(x, z) := Y*(z, zo(x)) satisfies the assumptions of Theorem 2.1. Then
there exists a M?-valued Markov process X = (X4, Py.,,) such that

Py e 0X0] = e,

where v solves

(2.4) o) = T2, [1(60) — [ 0¥l ve) K(ds)]

If in addition f € B} := BT N B,, then v € B and v is the unique positive solution of
(2.4). Moreover, for f € BT,

P [(f, X1)] I//f(y)w(r,x,dy)u(dw),

where w(r, x,dy) is determined by the equations

t
/f(y)w(hfc,dy) = wi(r,x) =117, lf(ft) —/ wy(s,&s)a’(&) K(ds)|,  fe€By,
where a is the linear part in the representation (2.8) corresponding to 1.

Let us now take a closer look at the applications mentioned in the introduction. We
will see that the class of processes constructed in Theorem 2.2 is indeed larger than the
one satisfying the assumptions of Theorem 2.1. In particular, we extend the class of
hyperbolic superprocesses of [FM97] to the case of 8-branching. By following the recipes
of the examples below one can easily get many new superprocesses.



Examples: (i) Hyperbolic superprocesses: Let ¢ be a one-dimensional Brownian
motion stopped at the first hitting time 7 of 0. Then p(z) := |z| is harmonic for £. In
particular, o is a weight function. Let 0 < § < 1,1 <o <1+ 3, and

K(ds) =1V [&]M P71
(ds) V|&s| (s <1} ds

Using K (ds) < (I (s <7} + p(&s)) ds and the reflection principle for Brownian motion we

easily get that
I, [K[rt]] <IL,[(r—r)A({t—7)] 4+ p(z)(t —7)

< p(m)( 2(t —r)

T
Thus K is p-admissible. The function

—l—t—r).

s z 1+6
Ve, 2) = (ma/(lw) v m)

satisfies the assumptions of Theorem 2.2. Hence there exists an MP*-valued (£°,%, K)-
superprocess associated with the equation

o) =18 [7(60) — [ o) P ], Fe B,

if0<pfg<land1 <o <1+ 3. For 8 =1, this gives the class of processes constructed
in [FM97] (note that there only finite starting measures were considered). It is worth
remarking that in all these models one has Prs, [(1,X¢)] = II2 [& # 0] — 0 as ¢ T oo.
This was also observed in Theorem 3 (b) of [FM97].

(ii) Infinite-measure super-a-stable processes: Let £ be a standard Brownian motion
on E = R% Then, if p > d, ¢,(x) := (1 + |2|?)7P/2 is a weight function for & If £ is
a-stable with a € (0,2), then ¢, is a weight function if p < d + .. See [Is86], Corollary
2.4 and its proof for both results. Now let K (ds) = ¢, (&)1 P ds, for 0 < 3 < 1. Then

¢p(x) 'L, [K[r, 1] < / Gp(2) L o [0p(&)] ds < e (t — 7).

Thus K is ¢,-admissible. Next let ¢*(z, z) = (z/¢p(aj))1+ﬁ. Then, if X = (Xy, P, ,,) is the

M®»valued (€,, K)-superprocess of Theorem 2.2, v(r, x) := —log P, s, [e_<f’Xf>] solves

0lr0) = T 160~ [ 65,6047 ]

Thus we have found another construction of Iscoe’s infinite-measure superprocesses.
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(iii) Superprocesses with locally admissible branching functional: Let £ be Brow-
nian motion on R? and ¢, as in (ii) with p > d. Then let K be such that

(2.5) K(ds) :== ¢2(&) K(ds) is ¢p-admissible.

By taking ¢%(z, z) = (2/¢p (a:))2 we see that our (£, 1, K)-superprocess is associated with
the equation

(2.6) o(r, @) = T | (&) - / o(s, &)7 K (ds) |

Thus our Theorem 2.2 yields a variant of Proposition 12 (a) of [DF97|. There existence of
a superprocess associated with (2.6) has been shown under the slightly different condition
that ¢,(&s) K(ds) is admissible for £ in the sense of (1.1). This property is called local
admissibility in [DF97]. Together with (2.5) local admissibility implies existence of second
moments of the (&, 1, K)-superprocess (Proposition 12 (b) of [DF97]). Of course, our
construction immediately extends to the case of B-branching when taking into account
some appropriate modifications.

Next we are interested in the regularity of the process constructed in Theorem 2.2.
To this end, recall first that a right Markov process £ is called Hunt process if it quasi-left
continuous, i.e., if &, — &, IL, ;-a.s., for every increasing sequence (o) of (F[r,t])i>r-
stopping times such that ¢ = lim,, o,,.

Now endow M¢ with the topology generated by the mappings
w— (f, 1), for continuous f € B,.

We will call this the p-weak topology on M?. The case p = 1 then gives the usual weak
topology on M. Note that we do not assume that p itself is continuous.

Theorem 2.3: In addition to the assumptions of Theorem 2.2 on &, 1, and K suppose
that & is a Hunt process. Then the (§,1, K)-superprocess has a cadlag version with respect
to the o-weak topology, and it is a right process.

In the case ¢ = 1 and K(ds) = ds, Fitzsimmons [Fi88| proved that X is a Hunt
process with respect to the Ray weak* topology on M. Kuznetsov [Ku94] proved the
strong Markov property and the existence of a right continuous version for the class of
superprocesses described in Section 5.5.3 of [Dy94]. Dawson, Fleischmann and Leduc
[DFL98] extended Fitzsimmon’s result to superprocesses with branching functionals K
having bounded characteristic (i.e., the first condition in (1.1) holds), under the additional
assumptions that E is compact, £ is a Feller process, and 1 corresponds to finite variance
branching.



The existence of a cadlag version in the generality of Theorem 2.3 seems to be new even
for p = 1. In the latter case, we will prove it by showing that the (&, 1, K)-superprocess
can be approximated by branching particle systems with respect to weak convergence on
Skorohod space. This relies on a lifting of the quasi-continuous functions f(r,x) of £ to
quasi-continuous linear functions (f",u) of X. This lifting is then also applied to the
transformation we use to cover the case of a general weight function .

A branching particle system is a Markov process X = (X4, P ) taking values in the
space My C M of integer valued measures. Each particle moves 1ndependent1y from all
others according to the right Markov process &, and dies after a random time. Given the
path of the particle, the probability of surviving the time interval [r, ] is given by e =¥ [t
where K is an admissible additive functional of £&. At the time of its death, the particle
produces a random number of children according to a probability ¢(¢, z,dn) on {0,1,...}.
Here t and z stand for the time and spatial location of the death of the parent particle
respectively. Afterwards the offspring perform the same process, starting independently
from (¢, z). It is well-known that (at least under condition (2.11) below)

(2.7) PTI’,, [e_<f’Xt>} = ellogu’sm) feB, veM,,
where u solves

(28) ) = Moo [ 1 [ 6 aeas)|
with

o(s,x,2) == p(s,z,2) — 2z := /z” q(s,z,dn) — z.

See [Dy9lal], [Dy94]. Next suppose that, for every 8 € (0,1], we are given a kernel
qa(s, x,dn) or equivalently the corresponding generating function g, and replace K by
1K The corresponding branching particle system will be denoted by Pﬁ For p € M
arbltrary, let 7,/ denote the Poisson measure on Mg with intensity x/3. Then

(29) PT‘BW#/Q |:e_<ﬁf7Xt>] = e_<vg,u>7 f € B+7
where
1 _ e—ﬁf(ﬁt
(2.10) vg(r,z) =11, 4 {— / V5(Esyv3(8s)) K(d )}7
and

U3l,2) = g (w51 - B2) = 1+ 52).

Our next generalizes previous work by Watanabe [Wa68], Ethier and Kurtz [EK86], Roelly
[R-C86], and Dawson and Perkins [DP91], and it complements the fdd-convergence proved
in [Dy94], [Dy91a).



Theorem 2.4: Suppose that £ is a Hunt process and that K is admissible for £. Assume
i addition that

(2.11) sup/nqﬁ(s,x,dn) <1 for all 5 € (0,1],

S,x

and that there exists a function v satisfying the assumptions of Theorem 2.1 such that
V5w, 2) — ¥*(x,2) uniformly on each set [0,T] x £ as B | 0. Then the distributions
of BX; under Pfﬂ . COTVETgE weakly on the Skorohod space D(R,, M) to the (&9, K)-
superprocess started in (r, j1).

For each v satisfying the assumptions of Theorem 2.1, [Dy91a] gives an approximation
of branching particle systems such that the assumptions of Theorem 2.4 hold.

Next we will consider the so-called historical process, which was introduced in [DP91].
The path process associated with & is the E = D(R+;E) valued process a defined by
@(s) =&ins- It is then easy to construct a Markov process 5 (ft, [, t], ﬁrm) such that
é} =Z(-Ar) Pmc—a s. and such that the law of [r,00) 3 s — ft( ) under ﬁr,@ equals the
law of [r,00) 3 s+ &ias under P, ;3(; see e.g. [Dy91b].

Remark: (i) E = D(Ry; F) is again a metrizable co-Souslin space (see Proposition 7.1
(ii) below). This is in fact our reason for working with this class of phase spaces instead
with the more common class of metrizable Lusin spaces, because the latter is not preserved
by taking Skorohod spaces. Indeed, Kolesnikov [K099] shows that D(R; Q) is not a Lusin
space even though Q, the set of rationals, is.

(i) Unless # = (- Ar) the path process ¢ lacks the normal property ﬁmﬁ[a =1z| =1,
which is assumed in [Dy94]. However, one can check that it is not needed for the proof of
Theorem 2.1. Alternatively, one can work with the space-time process (t, 2}) and project
down afterwards.

Let ©%(%, z) := 1¥*(2(s), z) with ¢ as in Theorem 2.1. The (£, ¢, K)-superprocess is
usually called historical superprocess associated with the (&, K)-superprocess. Anal-
ogously one can define historical branching particle systems. If m; : D(Ry; F) — FE is
given by 7 (Z) = Z(t) one can recover (the finite dimensional marginals of) the (£, ¢, K)-
superprocess X from the (§ w K)-superprocess X by setting X; = Xt ) 7rt . Even though
m; is not continuous, we have the following result.

Corollary 2.5: (i) Suppose that the (§,1, K)-superprocess is approximated by branching
particle systems as in Theorem 2.4. Then the corresponding historical branching particle
systems converge weakly on path space to the corresponding historical SUPETPTOCESS.

(ii) If X, is a cadlag version of the (5 b, K)-superprocess, then t — X, = X, om; ' is
a cadlag version of the (&,1, K)-superprocess.



Remark: In some cases, it is possible to apply (a variant of) Theorem 2.2 also for historical
superprocesses. For instance, if E = R%, p = ¢p, and § is Brownian motion as in the
example above, then Lemma 7 of [Sc96] implies that

dp(r) <11, [sglg cbp(fs)] < cp(z).

So, with the appropriate modifications, one can use qu(i:\) = sup; ¢p(Z(t)) as a weight
function.

3. Proof of Theorem 2.2

First we show existence up to a fixed given time 7" > 0. To this end, let h(r,z) =
II, z[o(&r)]. By assumption it follows that

(3.1) ox) =0 <= h(t,x) =0Vt <T <= It <T such that h(t,z)=0.

The process t — h(t,&;) is a positive right continuous martingale up to 7T'. In particular,
(3.2) h(t,&) =0, for all t € [r,T], IL, z-a.s. if h(r,z) = 0.

Let £ = (&, 11 ) denote the corresponding h-process. l.e.,

1
I, [A] = ey e [o(é7); A], A€ Fr,T),

if h(r,z) > 0, and H?@ :=1II,., otherwise. It is then easy to check that ¢" is again a right
Markov process.

Note the the p-admissibility of K implies that K[r,t] = 0, for all ¢ > r, II, ;-a.s. if
h(r,x) = 0. Hence the strong Markov property of £ implies that

(3.3) Klr,00) =0 I, ,-a.s., for all r, x,

if 7 = inf{t|0(&) = 0}. Therefore we can define a continuous additive functional K" of

¢" by
1

h(s, &s)
Then the right property of £" and the continuity of K imply that

K"(ds) = K(ds).

(3.4) e (K", )] =

as can be seen by approximating K|r,t] f h(s, &) K"(ds) by Riemann sums and by
applying the Markov property of &. Hence it follows that K" is admissible for £". Next let
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Vi (x, z) == *(z, h®(x)z). One easily checks that v}, satisfies the assumptions of Theorem
2.1. Thus there exists a (£, ¢y, K")-superprocess X" = (Xy, P!',).

Now we claim that
— 0 — h : — 0 —
(3.5) Xi(e=10)=0, P! ,-as., forallr <tand p € M with u(e=0) =0.

Indeed, P 5.1 Xt(0 = 0)] =: w(r,z) is determined by

t
3:0)  wlra) =108 [o(6) = 0] ~ 1| [ wls €80 (€)a%(€) KM ds)]
Note that it follows from (3.1), (3.2), and our definition of I} , that

Hf,m [Q(St) = 0} = I{h(T, I‘) _ 0}

Hence (3.3) implies that w(r, z) := solves (3.6). Therefore (3.5) follows.

Ynira) =0y

Since, for f € BT, vy(r,x) := —log P:fém [e <f/ht’Xt>] solves
t
B0 ) =1 | [ (e K@)

:h(rlx) { 1(&) /% €, 05 (&s)) - hs(és)Kh(ds)}

it follows that v(r,z) := h(r,x) - v, (r, z) solves

) =116 - [ vrtevrie) Kia)

Moreover, if f € B, then f/h* € bB* and thus v, € bB" which in turn implies v € B}.

Now suppose that v is another positive solution of (2.4), with f € B,. Then f/h' €
bBT. But also ¥ is of the form v(r,z) = v'(r,x) - h(r, x) with some v’ € BT, because (3.1)
and (3.3) imply that any solution of (2.4) vanishes on {(r, z) | h(r,z) = 0}. Going back the
above steps one finds that v’ solves (3.7), and hence v’ = v}, by uniqueness for (3.7). Thus
the positive solution of (2.4) is unique if f € BF.

Next suppose we are given y € M?. Define an element p" of M by p’(dz) =
h(r,z) u(dz). Due to (3.5) we can define P, , to be the distribution of h(t,z) ! X;(dx)
under Phuh up to time 7. By construction this process lives in M?¢9. Moreover, the
facts that, for f € pB,, v is unique and v" € B , imply the Markov property and the
uniqueness of the finite dimensional distributions of P, ,. In particular, our construction
is independent of T', and we can extend our process from [r, T] to [r, c0).
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To prove the first moment formula note that by construction and (3.5)

Prn[(£.50)] = P17 Yooy X0)] = [ () - ) (o),
where w?(r, x) solves

f(&)
h(t7 515)

- h(r, ) (Hg,w [£(&)] - Hg,m [/Tt w?(s»fs)hs(fs)as(ﬁs) K(ds)D,

) =1, [HE) it [ [ us, cont€ar(e) K as)

where we have used (3.2). Thus wy(r,z) := P, [(f, X;)] solves

wy(r,) = T, [£(60)] -0 [ g5, )0 () K(d)]

We leave it to the reader to check that w(r, z,dy) is in fact uniquely determined by these
equations. []

4. Preliminary remarks on branching particle systems

With (X4, Prl’ ) we will denote the stochastic process modeling our branching particle
system with generating function ¢ subject to condition (2.11). Most results in this section
are standard, so we only sketch the proofs.

Lemma 4.1: Suppose K is admissible. Then, for any T > 0 and every € > 0, there is a
0 > 0 such that

(4.1) k(r,t) := sup supll, ,[K[s,t]] <e,
r<s<t =

forall0 <r <t<T witht—r <J.

Proof: By Lemma 3.3.1 of [Dy94] there is a partition 0 =t < t; < --- < t, =T
such that k(t;—1,t;) < €/2, for i = 1,...,n. The assertion then follows by taking § as
min{ti—ti_1|i:1,...,n}. |:|

Lemma 4.2: For every v € My, X; has a cadlag version under P,}’V.

Proof: It is clear that (2.11) implies that the total population is finite a.s., which implies
that X is cadlag because & is. A rigorous proof of this fact can be based on Neveu’s
formalism of Galton-Watson trees [Ne86]. []
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Lemma 4.3: For each f € bBY, w(r,z) := Prl,asz» X1)] solves the equation

(4.2) w(rx) = T, [f(@ s [ we) - ale) KGas)|.

where a(s,z) := [nq(s,z,dn) — 1= d%\zzoﬁ(s,m, z) In particular,

<0.
(4.3) 0< P [(f, Xe)] <IL.,[f(&)]

Proof: Substitute f by Af in (2.7) and (2.8), and differentiate with respect to A at 0+.
[]

Lemma 4.4: Suppose U C Ry x E is open, and 7 = inf{s > r|(s,&s) € U}. Then

1
P! [ sup s @ Xs(U) > c] < EHT,V[T <t.

r,v

r<s<t

Proof: In the critical case, i.e., if a(r,z) = 0 for all r and z, the assertion follows as
Equation (30) of [Sc96] by using the historical branching particle system. In the subcritical
case, one can compare the process with a critical branching particle systems which is
obtained from the original process by adding particles. [l

5. The tightness proof

In this section we will prove the following.

Proposition 5.1: Suppose 3, | 0 as n T co. Then, under the assumptions of Theorem
2.4, the distributions of 3, X, under PPr are tight on D(Ry, M).

" Tu/Bn

Proposition 5.1 will follow by combining Proposition 7.5 with Lemma 5.4 and Lemma
5.6 below.

In the sequel, will now construct a set F of functions fulfilling the conditions of Propo-
sition 7.5 below. To this end, let VV be a countable base for the topology of Ry x E
consisting of closed sets. For V € V, 7.y = inf {t > r[(t,&) € V} denotes the first
hitting time of V for the process ¢ started at time r. For k € N, define

(5.1) fvr(r,z) =11, 4 [ek(r_T’*V)}.

Then it follows by monotone class arguments that fy; is measurable. For the ease of
notations, we will use the abbreviation

Ty f(x) =101, 5 [ f (&)

Lemma 5.2: FixkecNandV €V, and let f = fv. Then
(i) g(r,x) == e 2F" f(r,x) is an exit rule, i.c., T/ g*(x) < ¢g" and TT g'(x) T g" ast | r.
(i) 0 < T f'(x) — f"(x) < 2k(t — 7).

12



Proof: By the Markov property,
k — Tt
£l 2) =Ty [exp (G = 7)1 ) g, [0

= =011, [exp (k(r - 7)1 (<) T &)

Thus we get that
er(r—t)Ttrft < fr < Ttrft~

From here both assertions are easily verified. [l
For the proof of our next lemma we will need the assumption that £ is a Hunt process.

Lemma 5.3: Let f be of the form (5.1), for some k € N and V €V, and let i be a Borel
probability measure on E. Then f is II, ,-quasi continuous in the sense of Definition 7.2
below.

Proof: By Lemma 5.2 there is a & € N such that M, := e *0"t) f(r 4 ¢,£,,,) is a
supermartingale under II,. , with respect to the filtration G; := F,. .14, t > 0. Since & is
a right process, M is II, ,-a.s. right continuous; see Theorem 5.3 of [Ku84] or Theorem
5.1 of [Dy82]. By [DMT75], VI.3, all the above still holds if the filtered probability space
(L, ., (Gt)) is replaced by its completion (II,. ., (G¢)). Moreover, t — M, is II,. ,-a.s. cadlag.
In view of Proposition 7.4 it thus suffices to show that

(5.2) M, = e R0 f(r 4 t€(rtt)—) for all ¢ > 0, II,. ,-a.s.

To this end, note first that both ¢ +— M;_ and t — f(r+t,&14)—) are predictable processes.
Indeed, for the first process this is clear by left continuity, and the same argument applies
to the second one when f were a continuous function. The case for general f then follows
by monotone class arguments.

To prove (5.2) it thus remains to show that

(5.3) flon,&s,) — f(0,&6-) I, ,-a.s. on {0 < oo}

whenever o1, 09,... is a sequence of increasing (G;)-stopping times and o = lim,, o,; see
[DMT75], IV.86. But by Lemma 5.2 (ii) and the above we know that ¢ — f(r+¢,&,4¢) is a
uniformly integrable II,. ,-submartingale, and hence

li7rln flon,&s,,) < li7rlnﬁn“[f(a, £)1Gy, 1= flo, &) I, ,-a.s. on {o < oo}.

Here we have used martingale convergence and the fact that (o,&,) is a.s. O‘(Un ng>—
measurable, because £ is quasi-left continuous. Repeating the same argument for the
supermartingale e~ 2F("+0) f(r 41, ¢, 1) we arrive at

liTan flon,&s,) = f(0,&5) II, ,-a.s.

Finally we only have to note that £, = ¢,_ II, ,-a.s. by quasi-left continuity, and (5.3) is
proved. L]
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Lemma 5.4: The set

F={n(t, ) =Y aiexp(—fly pom) | n €N Vi€V, ki €N, a; € Q)
i=1
18 uniformly { L. ‘O < p < 1}-quasi continuous in the sense of Definition 7.2 below
and separates the points of Ry x M.

Proof: First observe that fy — I
[F separates points.

v pointwise as k T oo by right continuity of £&. Thus a

Next suppose t > r and € > 0 are given. By Lemma 5.3 and Lemma 7.3 (ii) there are
compact subsets A; C Ay C --- C [0,%] X E such that each function fyj is continuous on
every A, and such that II, ,[7, < t] <e27"/2n, for all n € N, if 7,, denotes the first exit
time of (¢,&;) from A,,. Let

K= ﬂ{S’y rtxM'é@v(Ac)g%,andfy(E)g 2 }

Then K is compact by Prohorov’s theorem, and

PP [(s,ﬂXs) ¢ K for some s < t} <

T/

<pf [ s 1,6%,) > } Z Plrusa] S0 00 ® Xo(45) 2 ﬂln}

r<s<t r<s<t
€
5 Znﬁ/wu/ﬁdu I, [t <t
<eg,

where we have used Lemma 4.4 and the fact that (1, X;) is a supermartingale under Pfﬂ s

by Lemma 4.3.

Next we will show that the restriction of each f € F to K is continuous. To this end,
suppose that f = fy, for some V € V and k € N, is given, and that h(s,v) = (f*,7).
Assume (s, yx) converges to (s,7) in K, and let 6 > 0 be given. Pick an integer n larger
than than 1/8. By the Tietze extension theorem there is a continuous function f from
R, x E to [0,1] such that f coincides with f on A,,. Thus

lim sup|(**, %) — {/*, )| <

< lirlilTsup (‘(fs’“,%) — <JES’“,%>‘ + ‘(JES’“,%) — <JES;7>‘ + ‘<f877> - <f37’7>‘>

< 2((5 ® v(As) + limsup J;, ® vk(Ac)>

kToo

< 4.

Since 6 was arbitrary, each function in F is {Pf ‘O < B < 1}—quasi continuous. Now

/B
apply Lemma 7.3 (ii) below. [l
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Lemma 5.5: SupposeT >0,0< <1, and h: Ry x M — R is of the form h(t,u) =
S aiexp(—ff, u) with a; € R and f; : Ry x E — Ry bounded and measurable. Then
there exists a constant C depending only on h and T such that

2 n
P2\ (e, 8X0) = b, 80)) | < C(STUTE S = £+ K(ry 1)) {1, Bv),
i=1
for all 0 <r <t <T, where k was introduced in Lemma 4.1.

Proof: Throughout the proof, ¢ will denote a varying generic constant depending only on
h. Since

PL, [((t, 5X,) = h(r, )] <cZPﬁ [(emtrtoxa — o=sim)7],

we may assume that n = 1 and a; = 1, and we may suppress the index n = 1 in the sequel.
Then let vg(r, z) = Pfaz [exp(—ft, ﬁXt)}, and define wg as vg but with f replaced by 2f.
We have

2
P, | (01, 8X0) = h(r, Bv))?] =
ellogwp,v) _ 9 (logvs—Bf"v) 4 o~ (26f"w)
e(logvgﬂy> _ e_<ﬁf'r7y>

(54) < ‘eﬂogwg,u) . e<10g”2—ﬁf’“w>

-8, —loge 1" |,v)

< {|logw}; — logvj — loge
< c<<|w2 — e 2817, v) +2(|v — e P17, y>)
Now
(5.5) [vg — eI < o — Tye P | 4 | Tye= P — =807,

Next we will estimate separately both terms on the right hand side of (5.5). The second
term can be estimated by

(5.6) Ty e P — e P < eB|| Ty f* = f7]I-
As for the first term note that by Lemma 4.3
(5.7) vg(r,a) =1— Pl [1—ePUXI] > 1 . PO [(F1. X)) > 1= 8|1 f].

Since by assumption ¢3(s,y, z) = éﬁ\g(s, y,1— Bz)/B3? converges locally uniformly as 3 | 0,
we infer from (5.7) that there is a constant L such that, for all g € (0, 1],

ﬁ@;(s Y, v5(y)) < B- L uniformly in y and s < T.
Thus

1 ('~
0 < vg(r,a) =T e ' (a) = P, [5 / 055, €0, v5(6)) K (ds)| < BL Ty [Kr, 1],
Together with (5.6), (5.5), and (5.4) the assertion follows. []
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Lemma 5.6: Suppose 3, | 0. Then, for any h € F, the distributions of the process
t — h(t, B X¢) under PPr n € N, are tight on D(R4;R).

T’ﬂ-ﬂ/ﬁn ¢

Proof: Fix r, T' > 0, and let for the moment G; denote the o-field generated by X, r <
s < t. Then by Lemma 5.5 and Lemma 5.2 (ii) there is a constant C' such that, for all
u € [0,0] and ¢ € [r,T],

P (b4 0% — ht.5x)) | 61

= Pl [ (e B — ht.5x)
<O+ k(t, t+u)(1, BXy).

Now let k(8) := supy<;<q k(t,t + 6) and let MP — AP be the Doob-Meyer decomposition
of the supermartingale (1, X;) under me/ﬁ. Then (7.7) holds in our setting if v3(d) is
defined by

75(8) = (6 + k(8))5M;.

Moreover, for all 8 € (0, 1],
PP [y5(6)] =CO+k(©G)(1,u) — 0 asd |0

™Tu/B

by Lemma 4.1. Thus the assertion follows from Proposition 7.6. ]

6. Proof of the regularity results.

Proof of Theorem 2.4: Under the assumptions of the theorem the functions vz defined
in (2.9), (2.10) converge uniformly in (r,z) € [0,7] X E and in f € bBT with ||f]] < ¢ to
the unique positive solution of (2.2). The proof is the same as in [Dy94], pp. 56-58. Using
the Markov property and induction it follows that the finite-dimensional distributions of
the approximating branching particle systems converge weakly. Hence Theorem 2.4 follows
from Proposition 5.1. []

Proof of Theorem 2.3: It suffices to prove the existence of a cadlag version up to
time 7 > 0. To this end, let h, &", 4, K", and p” be as in the proof of Theorem
2.2. According to [Dy91a], for every superprocess satisfying the assumptions of Theorem
2.1, there exists a sequence of approximating branching particle systems satisfying the
assumptions of Theorem 2.4. Therefore we can assume that the (¢%, vy, K")-superprocess
is already cadlag. Observe that h is H:ﬂ"uh—quasi continuous (cf. the proof of Lemma 5.3
and note that the proof is even easier in this case). By Lemma 7.3 and Lemma 5.4 and its
proof one easily deduces that ®(t, ) := h=1(t,x) u(dz) is a P:uh—quasi homeomorphism
from M to M¢ (with the obvious definition of a quasi-homeomorphism). Thus the process
h=1(t,z) X;(dx) is cadlag Pffuh—a.s. Similarly, the right property follows from the right
property in the case o = 1, where it is well-known (see e.g. [Ku94]). [l
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Proof of Corollary 2.5: we leave it to the reader to check that the assumptions of
Theorem 2.4 are also fulfilled in case of the historical branching particle systems. As for
(ii), f(t, @) := g(m¢(Z)) has the property that ¢t — f(t, 52) is cadlag and that ¢ — f(¢, Et_)
is caglad ﬁr,ﬂ—a.s., for all continuous functions g on E and all . Thus f is ﬁr,ﬂ—quasi

1

continuous, and it follows that (¢,7) — Vo, * is a P, ;-quasi continuous map.

7. Appendix: Skorohod space and quasi-continuity

In this section, S is a separable and metrizable topological space, I equals either R
or [0,7] with T" > 0 finite, and (Z;)1e; denotes the coordinate process on the Skorohod
space D(I;5), i.e. Zi(w) = w(t) for all w € D(I;S) and t € I. As usual, D([;S) will
be endowed with the Skorohod topology and the corresponding Borel o-algebra, which is
also generated by (Z;)icr. See [EK86] or [Ja86]. By saying a subset of a metric space is
analytic we mean that it is analytic with respect to the paving formed by all Borel sets; see
[DM75]. A co-analytic set is the complement of an analytic set. The following statement
is probably well-known to experts, but we were unable to find an explicit reference in the
literature. Therefore we include a short proof.

Proposition 7.1:

(i) Suppose C is a co-analytic subset of S. Then the set D(I;C) (defined with respect to
the relative topology on C' C S) is a co-analytic subset of D(I;5).

(i) If S is a metrizable co-Souslin space, then also D(I;S) is a metrizable co-Souslin
space.

Proof: To prove (i), note first that (¢, w) — w(t) and (¢, w) — w(t—) are both measurable
mappings from I x D(I;S) to S. By [DM75], I11.11, we hence get that

B = {(t,u) ’ w(t) € C° or w(t-) € ¢}

is an analytic subset of I x D(I;S). Therefore also the projection B of B onto D(I;S) is
analytic in D(I;S) by [DM75], 111.13.3. But the complement of B in D(I;S) is just the
set D(I;C'), which proves (i). In order to prove (ii) we can assume that there is compact
metric space K such that S is a co-analytic subset of K and that S carries the topology
relative to this embedding. Then, by (i), D(I, S) is a co-analytic subset of the Polish space
D(I; K). But the topology induced on the set D(I;S) by the inclusion D(I;S) C D(I; K)
coincides with the Skorohod topology by Proposition 1.6 (iv) of [Ja86]. Thus D(I;S) is a
metrizable co-Souslin space. [l

Definition 7.2: Suppose P is a set of Borel probability measures on D(I,S), and F is a
family of functions on I x S. We will say that F is uniformly P-quasi continuous, if there
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is an increasing sequence (K, )nen of compact subsets of I x S such that

(7.1) sup P[(s, Zs) & K,, for some s € [0,n] N I] — 0 asn T oo.
pPeP

(7.2) Each function f € F is continuous on every K,.

If both F and P consist only of single elements f and P, respectively, we will just say that
f is P-quasi continuous instead of {f} is uniformly { P}-quasi continuous.

The following lemma is easy to prove.

Lemma 7.3:

(i) If F is uniformly P-quasi continuous, then F is also uniformly P-quasi continuous,
where P is the weak closure of P.

(ii) Suppose P is a family of Borel probability measures on D(I;S), and F is a countable
set of functions on I x S. If {f} is uniformly P-quasi continuous for every f € F,
then F is uniformly P-quasi continuous.

We have the following criterion for a function f to be P-quasi continuous. It was
proved first by Le Jan [Le83| for a locally compact space S.

Proposition 7.4:  Suppose that S is a metrizable co-Souslin space, f is a measurable
function on I x S, and P is a Borel probability measure on D(I;S). Then the following
two conditions are equivalent.

(i) f is P-quasi continuous.

(ii) The processest — f(t,Z:) andt — f(t, Z;_) are P-a.s. cadlag and caglad respectively.

Proof: Suppose condition (ii) holds. We > may assume that f is bounded, and we write S
for I x S, Z for the space-time process Z; = (t,Z:), t € I, and P for the image measure
Po Z~!. Following [Le83], we introduce a norm ||g|| p for a measurable function g on S as
follows.

loll = P|sup2™*lg(Z)| v lo(Z:-)] |-
S

One can show as in [MR92], pp. 134, 135 that there is a sequence (f,) of bounded
and continuous functions on I x S such that ||f — f,.||[p — 0. We may assume that
| frs1 — fullp <2737, and that the f,, are uniformly bounded. Writing I,, for I N[0, n] we
let

Fy={(t,2) € L x S | fura(t.2) = fult,w) > 27"} and By = [ Fu.

n>N
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Then, due to Proposition 7.1 (i) and [DM75], II1.33, the spaces D(Iy; F¢) and D(Iy; BY)
are co-analytic and hence P-measurable subsets of D(I; S) By construction we get that

P D(IN;BICV“)C] <Y P[Ht < n such that (¢, Z;) € F,, or (t,Z,_) € F,
n>N

<Y 22 fair = fullp <217V

n>N

(7.3)

According to Proposition 7.1 (i) and [DM75], IIL.38, P is an inner regular measure on
D(I; S). Therefore there exist compact sets Ky C D(Iy; B§) such that P[Ky] > 122N,
But this implies that there are compact sets Ky C By such that

(7.4) P|3t < N such that (t,Z,) ¢ Ky| <22 —0 (N1 o0)

(cf. Proposition 1.6 (iv) in [Ja86]). Note that (f,) converges uniformly on each Ky.
Therefore the measurable function f defined by

~ lim f, (¢t,x) if (t,x) € | Kn,

f(t,x)Z{” S

0 otherwise,

is P-quasi continuous. Moreover, ||f — fu|lp — 0, since the fn are umformly bounded.
Hence we conclude that || f— f||p = 0. Consider the set A = {(t,z) € S| f(t,x) # Flt, z)}.
By a similar line of reasoning as above we get the existence of a sequence (K ~) of compact
subsets of A such that (7.4) holds with Ky replaced by K ~, and hence also for Ky N K.
But f is continuous on every set Ky N K N, i.e. f is P-quasi continuous. Thus we have
proved (ii) = (i). The converse statement is trivial. []

Any continuous function f on I x S induces a mapping f. as follows.
f«: D(I;S) — D(I;R)
wr— (te f(t o).

If the function f is not continuous, but P-quasi continuous for some P on D(I;S), then
f« in the sense of (7.5) is still defined P-a.s. This allows us to generalize the well known
Jakubowski criterion for tightness on D(I;S) in the following way.

(7.5)

Proposition 7.5: Suppose P is a family of Borel probabilities on D(I;S). Then the
following are equivalent.

1. P s tight.

2. There exists a family F of P-quasi continuous functions closed under addition and
separating the points of I x S such that (P o f71)pep is tight on D(I;R), for each
felF.
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The proof of Proposition 7.5 is essentially the same as the one of Theorem 4.6 in
[Ja86], and therefore it is omitted. We close this section with recalling the following
tightness criterion on D(I;R), which is a simplified version of Theorem 3.8.6 of [EK86].
Recall the notation I, = I N[0, k].

Proposition 7.6: Suppose Py, P, ... are Borel probability measures on D(I;R) such that
for all e, k > 0 there is a L > 0 such that

(7.6) sup P, [ sup |Z| > L] <e,
n tely

and such that, for each k, there are random variables v,(J), 0 < 6 < 1, on D(I;R) with

lim lim sup Po[7,(6)] = 0

and with
(7.7) }%(@ﬂ,—aﬁjz&sgt}gR{74®)2&3§4

foralln e N, t € I, and 0 < u < 0 such that t +u € I,. Then {Py, Py, ...} is tight.
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