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Abstract. We investigate the large deviations principle from the McKean–Vlasov
limit for a collection of jump processes obeying a two–level hierarchy interaction. A
large deviation upper bound is derived and it is shown that the associated rate func-
tion admits a Lagrangian representation as well as a non-variational one. Moreover,
it is proved that the admissible paths for the weak solution of the McKean–Vlasov
equation enjoy certain strong differentiability properties.

0. Introduction.

In this paper, we are interested in a class of large scale interacting systems which
are organized into a multilevel hierarchy. Each level of this hierarchy consists of
a number of interacting subsystems, at a lower level. This type of interactions
arise in many fields such as statistical physics (Dyson’s hierarchical model, the
two-level Desai–Zwansig model of ferromagnetism), chemical kinetics (multilevel
Schlögl model) and epidemiology (SIR-epidemic models with geographic structure)
–to mention only few.

Generally, real large scale hierarchical systems consist of a finite number of indi-
vidual subsystems at each level of the hierarchy. Among other factors, this structure
make them exhibit highly complex behaviour and therefore are difficult to study.
Nevertheless, as suggested by Dawson (see [D1], [D2] and the references therein),
insight into their qualitative behaviour can be obtained by studying the idealized
limit as the number of subsystems per level gets large. The approach to this pro-
gram is to formulate the relevant stochastic models in the context of measure–valued
Markov processes. Then, the finite population effect is catched by the study of ran-
dom perturbations, fluctuations and large deviations about the infinite limit. In
this context, Dawson and Gärtner [DG1] established a general multilevel large de-
viations principle for the empirical measure associated with M independent copies
of a sequence (ζN ) of random variables with values in a topological space.

In this paper, we consider the behaviour of some Markovian systems of jump
processes obeying a two–level hierarchy interaction, which in the limit, as the num-
ber of subsystems grows to infinity, satisfy a McKean–Vlasov type equation. This
means that the sequence of two–level empirical measures which represent the states
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of the finite systems, have a deterministic limit of a specified form which in a
sense represents the law of a typical trajectory in the underlying collection of jump
processes that are subject to the hierarchy interaction.

In this study, we derive a large deviation upper bound in the McKean–Vlasov
limit and obtain two representations of the associated rate function: A non-variational
(integral) representaion and a Lagrangian one. The methods of the proof we adopt
here are based on the Hamiltonian approach to large deviations, which is natural in
the context of sample path LDP’s, and are rather different from the ones in Dawson
and Gärtner [DG1].

In Section 1, we present the model. The main results are stated in Section 2.
The proof of the representation theorems of the rate function is given in Section 3,
and the large deviation upper bound result on the canonical path space is derived
in section 4.

1. The jump process.

1.1 Model. Let E denote a Polish space with Borel σ-field BE. We consider a
system of M colonies each consisting of N individuals. Let Xij

t denote the state of
the jth individual in the ith colony at time t ∈ I := [0, T ], for some fixed T > 0.
Assume that, for each (i, j), (Xij

t , t ∈ I) is an E–valued jump process with jump
rate γij(·) and jump kernel πij . The jump intensity measure γij(x) dt gives the
jump rate of the jth individual in the ith colony when the system is in the state
x ∈ ENM . The jump size distribution πij(x, dy), x ∈ E, is such that if a jump of
the jth individual in the ith colony at site x ∈ E occurs, then it is of the form
x → dy ⊂ E with probability πij(x, dy). We are going to assume throughout that
πij(x, dy) = π(x, dy), for a fixed given probability transition kernel π on E × BE.
Consequently, all interaction is guided into the system through the jump rates
γij , what means that we are dealing with a jump process analogue of a system of
interacting diffusions.

For each colony i, we can construct the corresponding flow of empirical distri-
butions

µi
t =

1
N

NX

j=1

δXij
t

(t ∈ I) (1.1)

as stochastic process taking values in the space M = M(E) of Borel probability
measures on E. The two-level empirical process then is given by

ξM,N
t =

1
M

MX

i=1

δµi
t

(t ∈ I). (1.2)

It takes values in the space MII = M(M) of probability measures on M. Both
M and MII will be endowed with the corresponding weak topologies and Borel σ-
fields. Of course, as long as the number M of colonies is fixed, ξt could be obtained
from a standard empirical distribution on the enlarged state space {1, . . . ,M}×E.
However, the two-level model allows the number of colonies to grow simultaneously
with the total number of particles, which seems to be natural for many models.
See e.g. our example of an SIR epidemic model in Section 2.3. For this reason,
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we are interested in an interaction that is guided into the system through the two-
level empirical distribution ξ of the state x = (xij) ∈ ENM of the system, and the
empirical distribution µi of the corresponding colony. This means that the jump
intensities (γij(x)) have to be of the form

γij(x) = γ(xij , µi, ξ) (1 ≤ i ≤ M, 1 ≤ j ≤ N), (1.3)

where γ is a fixed function on E ×M ×MII . For simplicity, we will make the
following assumptions on the jump characteristics π and γ:

Assumption I. The kernel π possesses the Feller property.

Assumption II. γ is a bounded positive and continuous function on E×M×MII .

In the sequel we will be interested in the asymptotics of the two-level empirical
process ξt = ξN,M

t as N, M →∞. Due to (1.3), ξN,M
t is a measure-valued Markov

process. It has an infinitesimal generator AN,M acting on bounded measurable
functions F on MII as follows:

AM,NF (ξ) = MN

Z
m(ξ, dµ, dx, dy)

h
F

≥
ξ +

1
M
{δ(µ+ 1

N (δy−δx)) − δµ}
¥
− F (ξ)

i
, (1.4)

where we have used the abbreviations

m(ξ, dµ, dx, dy) = ξ(dµ)µ(dx)m(x, µ, ξ, dy) (1.5)

and
m(x, µ, ξ, dy) = γ(ξ, µ, x)π(x, dy). (1.6)

Theorems 4.7.3 and 4.4.2 in Ethier and Kurtz [EK] and Assumption II show that
the martingale problem associated with AN,M is well-posed and that its unique
solution is a strong Markov process.

As usual, we will frequently denote the integration of a bounded and measurable
function f on E against a measure µ ∈ M by hµ, fi. To distinguish it from an
integral of a function F on MII with respect to some ξ ∈ MII , we will write
ø ξ, F ¿ in the latter case.

Now choose a totally bounded metric d generating the topology of E. See Partha-
sarathy [Pa], p. 43, for existence. We define a space F0 of finitely based functions
on M as the set of all functions f that are of the form

f(µ) = ϕ
°
hµ,ψ1i, . . . , hµ,ψki

¢
(µ ∈M), (1.7)

for some k ∈ N, ϕ ∈ C1
c

°
Rk

¢
, the space of continuously differentiable functions

having compact support in Rk, and ψ1, . . . , ψk ∈ Cu

°
E
¢
, the space of bounded and

uniformly continuous functions on the metric space (E, d). For the ease of notation
we will adopt the convention of rewriting (1.7) by

f(µ) = ϕ
°
hµ, ~ψi

¢
(µ ∈M).
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We will also need a space F of time dependent test functions on I ×M being of
the form

ft(µ) = f(t, µ) = ϕ
°
t, hµ, ~ψ(t)i

¢
(t ∈ I, µ ∈M)

with ϕ ∈ C1
b (I ×Rk) and a vector ~ψ = (ψ1, . . . , ψk) such that each component is a

function from I to Cu(E), differentiable with respect to the sup-norm k·k on Cu(E).
Clearly, functions f ∈ F are differentiable with respect to time with derivative

∂tf(t, µ) = (∂tft)(µ) = (∂tϕ)
°
t, hµ, ~ψ(t)i

¢
+ (∇ϕ)

°
t, hµ, ~ψ(t)i

¢
· hµ, ∂t

~ψ(t)i.

Here ∇ denotes the usual Euclidean gradient and “·” the Euclidean scalar product.
In “space direction” we define difference operators DN on F0 by

DNf(µ, x, y) = N
≥
f
°
µ + 1

N (δy − δx)
¢
− f(µ)

¥
. (1.8)

Then, as N →∞,

DNf(µ, x, y) −→ Df(µ, x, y) := (∇ϕ)
°
hµ, ~ψ(t)i

¢
· (~ψ(y)− ~ψ(x)). (1.9)

To any kernel k(x, µ, ξ, dy) on E×M×MII × BE and ξ ∈ MII there correspond
linear operators GN

k (ξ) (N ∈ N) and Gk(ξ) on F0 given by

GN
k (ξ)f(µ) =

Z Z
DNf(µ, x, y) k(x, µ, ξ, dy)µ(dx)

and

Gk(ξ)f(µ) =
Z Z

Df(µ, x, y) k(x, µ, ξ, dy)µ(dx)

With the above notations, for every f ∈ F ,

AN,M ø ·, f ¿ = ø ·,GN
m(·)f ¿, (1.10)

where m is the kernel defined in (1.6).

2. Main Results.

2.1 A large deviation upper bound. Suppose that, for all N and M , we are
given some deterministic νN,M ∈ MII having the form of a two-level empirical
distribution as in (1.2). With PN,M we then denote the law of the solution of the
martingale problem associated with the generator AN,M of (1.4) and starting point
νN,M . Then PN,M is Borel probability measure on the space D(I,MII) of all càdlàg
functions endowed with the Skorohod topology. This topology is independent of an
a priori choice of metric on MII see Jakubowski [Ja].

The law of large numbers of the system as N, M → ∞ has been studied by
Dawson [D1]. There the following result has been stated.
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Proposition 1.1. Suppose νM,N converges weakly to some ν ∈MII . Then PM,N

converges weakly on D(I,MII) to δη, where η is the unique deterministic path in
C(I,MII) satisfying η0 = ν and solving the weak McKean-Vlasov equation

ø ηt, ft ¿ =ø η0, f0 ¿ +
Z t

0
ø ηs, ∂sfs ¿ ds

+
Z t

0
ø ηs,Gm(ηs)fs ¿ ds (f ∈ F , 0 ≤ t ≤ T ).

Let HM,N be the Hamiltonian associated to the generator AM,N defined, for
ζ ∈MII and test functions f ∈ F , as

HM,N (ζ, f) = e−øζ,f¿AM,N eøζ,f¿ (2.1)

= MN

Z
m(ζ, dµ, dx, dy)

n
exp

h 1
MN

DNf(µ, x, y)
i
− 1

o
.

Define the scaled Hamiltonian H by

H(ζ, f) = lim
M,N→∞

1
MN

HM,N (ζ,MNf)

=
Z

m(ζ, dµ, dx, dy)
n

exp[Df(µ, x, y)]− 1
o
.

We introduce, for 0 ≤ t ≤ T , the functionals Jt acting on f ∈ F and η ∈ D(I,MII):

Jt(η, f) =ø ηt, ft ¿ −ø η0, f0 ¿ −
Z t

0

°
ø ηr, ∂rfr ¿ −H(ηr, fr)

¢
dr. (2.2)

Then, for any ν ∈MII and η ∈ D(I,MII), let

Sν(η) =

(
sup

n
JT (η, f)

ØØØ f ∈ F
o

if η0 = ν,

∞ otherwise.
The functional Sν is in fact the rate function governing the large deviation upper
bound of our particle system:

Theorem I. Suppose that Assumptions I and II are satisfied and that the starting
points νM,N converge weakly to some ν ∈MII as N, M →∞.

Then
lim sup
M,N→∞

1
MN

logPM,N (F ) ≤ − inf
η∈F

Sν(η),

for each closed subset F of D(I,MII).

Using a suitable change of measure it is possible to get a partial large deviation
lower bound with the same rate function, but restricted to very regular admissible
paths. To extend the lower bound to general admissible paths is also possible but
requires another type of techniques like variational convergence. This topic is not
included in this paper and will appear elsewhere.

Our next goal is to derive additional representation formulae for the rate function
Sν .
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2.2 Representations of the rate function and regularity of paths. We will
now define a subset Hν of admissible paths in the space C(I,MII) of continuous
MII -valued mappings.

Definition I. Fix ν ∈ MII . Let Hν denote the set of all paths η ∈ C(I,MII)
such that η0 = ν and which satisfy a weak McKean-Vlasov equation

ø ηt, ft ¿ =ø η0, f0 ¿ +
Z t

0
ø ηs, ∂sfs ¿ ds (2.3)

+
Z t

0
ø ηs,Gks(ηs)fs ¿ ds (f ∈ F , 0 ≤ t ≤ T ),

for kernels ks(x, µ, η, dy) (s ∈ I) which are absolutely continuous with respect to
m(x, µ, η, dy) and who possess a Radon-Nikodym derivative

gs(ξ, µ, x, y) :=
ks(ξ, µ, x, dy)
m(ξ, µ, x, dy)

which satisfies Z T

0
dt

Z
dm(ηt)

≥
gt log gt − gt + 1

¥
< ∞. (2.4)

The next result gives a non-variational representation formula for Sν . It relies
essentially on work by Léonard [L1].

Theorem II. Fix ν ∈MII and η ∈ D(I,MII).Then

Sν(η) < ∞ if and only if η ∈ Hν .

And in the latter case the following representation holds

Sν(η) =
Z T

0
dt

Z
dm(ηt)

≥
gt log gt − gt + 1

¥
. (2.5)

Remark. The fact that Sν is concentrated on continuous paths implies that the
large deviation upper bound of Theorem I extends even to subsets F that are closed
with respect to the stronger uniform topology on D(I,MII) — provided that F is
measurable with respect to all PN,M . The argument is the same as in Section 18
in Bilingsley [Bi].

It turns out that paths η ∈ Hν enjoy certain differentiability properties. To this
end, endow the space F0 with the norm

kfkF0 := sup
µ
|f(µ)|+ sup

µ,x,y
|Df(µ, x, y)| (f ∈ F0).

The set of all finite signed measures on M then can be regarded as a subspace of
the topological dual F 00 of F0 by taking the integral of a function in F0 against a
measure on M. We extend the notation ø ϑ, f ¿ to denote the duality relation
between ϑ ∈ F 00 and f ∈ F0. For ϑ ∈ F 00 and ζ ∈MII , we denote with L(ϑ, ζ) the
Legendre transform of H(ζ, ·):

L(ϑ, ζ) = sup
f∈F0

°
ø ϑ, f ¿ −H(ζ, f)

¢
.
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Theorem III. If η ∈ Hν ,then the mapping t 7−→ ηt ∈ F 00 is strongly differentiable
Lebesgue-almost everywhere with derivative η̇t. Moreover, η can be represented as

ηt = ν +
Z t

0
η̇s ds (0 ≤ t ≤ T ),

where the integral is to be taken in the sense of Bochner. Moreover, the following
Lagrangian representation of the rate function holds

Sν(η) =
Z T

0
L(η̇t, ηt) dt. (2.6)

Remark. The same method we use here to prove Theorem III can be applied
to the weak McKean-Vlasov equations relating to the one-level large deviations as
considered in Léonard [L2] or Djehiche and Kaj [DK]. There, the operators corre-
sponding to Gk are bounded linear operators on the space Cb(E). This guarantees
that the derivatives of the one-level paths exist even as finite signed measures and
with respect to the total variation norm. Let us briefly give an example for this
loss of regularity in the two-level case. If we assume that there is no interaction
between the colonies, i.e. γ does not depend on ξ, Theorem 2.2 of Dawson and
Gärtner [DG1] together with the main result in Djehiche and Kaj [DK] yield a
large deviation principle with rate function

Sν(η) = inf
nZ

R dQ
ØØØ Q ∈M

°
D(I,M)

¢
with marginal flow (ηt)

o
.

Here R denotes the one-level rate function of Djehiche and Kaj [DK]. Consequently,
if µ(·) ∈ D(I,M) is such that R(µ) < ∞, the two-level path given by η(t) =
δµ(t), (t ∈ I) satisfies Sη(0)(η) ≤ Sη(0)(η) < ∞. This simple example shows that one
cannot expect much further regularity of the paths in Hν than stated in Theorem
II.

2.3. Example: Epidemic SIR–model. A typical situation where two-level
hierarchy systems are relevant is when modeling the spread of a disease, taking into
account the geographic structure of the population. Consider a closed population
of MN individuals organized into M houses, villages or colonies each containing N
individuals. Let the state space E of individuals at lower level, informally described
as E = [susc, inf, rem]×position, consist of pointers to one of three possible types,
S=susceptible, I=infective and R=removed, and in addition of a position variable
rij ∈ R if individual j of the ith colony is of type S or I and a cemetery position †
if of type R. Then, the total number of individuals in the ith group can be divided
into subgroups according to their type, and represented by means of the associated
two-level empirical measure:

ζM,N =
1
M

MX

i=1

δµi ,

where

µi =
1
N

NX

j=1

δXij =
1
N

° |Si|X

j=1

δ(S)
rij

+
|Ii|X

j=1

δ(I)
rij

+
|Ri|X

j=1

δ(†)
rij

¢
.
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Here, |Si| denotes the number of susceptible individuals in the ith colony etc.. Since
the population is closed, the epidemic process can be determined by the respective
processes associated to the susceptible and infective populations. This is denoted
by ξM,N = (SM,N , IM,N ) and regarded as an element of D(I,MII ×MII).

Suppose λ(r, r0) is a nonnegative smooth function on R2 and define jump rates
by

γij(susc, inf ; r) = γij(susc ; r) =
1
M

MX

l=1

1
N

|Il|X

k=1

λ(rij , rkl).

for a jump S → I of particle j of colony i at rij and

γij(inf, rem ; r) = γij(inf ; r) = ρ

for a jump I → R. Then the infinitesimal generator of the epidemic process ξM,N

reads

AM,NF (ξ) = MN

Z
S(dµ1) I(dµ2)

Z
µ1(dx)µ2(dy)λ(x, y)

£
F

°
S +

1
M
{δ(µ1− 1

N δx) − δµ1}, I +
1
M
{δ(µ2+ 1

N δy) − δµ2}
¢
− F (S, I)

§

+ ρMN

Z
I(dµ2)

Z
µ2(dy)

£
F

°
S, I +

1
M
{δ(µ2− 1

N δy) − δµ2}
¢
− F (S, I)

§
,

and, with

ø η, f ¿=ø S, f1 ¿ + ø I, f2 ¿

for f = (f1, f2) ∈ F × F , the corresponding scaled Hamiltonian is,

H(ξ, f) =
Z
S(dµ1)I(dµ2)

Z
µ1(dx)µ2(dy)λ(x, y)

£
exp

°
∇ϕ2(µ2) · ~ψ2(y)−∇ϕ1(µ1) · ~ψ1(x)

¢
− 1

§

+ ρ

Z
I(dµ2)

Z
µ2(dy)

£
exp

°
−∇ϕ2(µ2) · ~ψ2(y)

¢
− 1

§
.

Along the extremals of the corresponding variational problem for the Lagragian
L, there are functions g1 and g2 such that the corresponding rate function can be
written as

S(η) =
Z T

0

Z
Sr(dµ1)Ir(dµ2)

≥
hµ1⊗µ2, λ

°
g1

r log g1
r−g1

r+1
¢Æ

+%
≠
µ2,

°
g2

r log g2
r−g2

r+1
¢Æ¥

dr,

which agrees with (2.5).

3. Proof of Theorems II and III.
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3.1 Proof of Theorem II. Consider the pair of Young functions

τ(t) = et − t− 1, τ∗(s) =
Ω

(s + 1) log(s + 1)− s if s ≥ −1,
+∞ otherwise,

which are dual to each other. If Λ is a finite positive measure on some (locally)
compact space S, we define for any measurable function h on S its Luxemburg
norm by

khkθ = inf
Ω

a > 0
ØØØØ

Z
θ
≥ |h|

a

¥
dΛ ≤ 1

æ
,

where θ equals τ or τ∗. Correspondingly we obtain two Orlicz spaces (Lτ , k · kτ )
and (Lτ∗

, k · kτ∗), which are Banach spaces in topological duality; see e.g. Rao and
Ren [RR]. Let C denote a linear subspace of Cb(S), and define the convex functional

Γ(f) :=
Z

τ(f) dΛ (f ∈ C).

If ` is an element of the algebraic dual C# of C such that Γ∗(`) := supf∈C
£
`(f) −

Γ(f)
§

< ∞, then there is some function K ∈ Lτ∗
such that

`(f) =
Z

fK dΛ ∀ f ∈ C and Γ∗(`) =
Z

τ∗(K) dΛ. (3.1)

In particular K ≥ −1 Λ-a.e. on S. This has been proved in Sections 5, 6 and 7
of Léonard [L1]. See in particular the proof of Theorem 7.1 of [L1]. There (3.1)
has been stated in the case where the measure Λ has a certain form and where
S = [0, T ]× (Rd)2×

°
(Rd)2\{(0, 0)}

¢
. However, inspecting the proof one finds that

actually only the facts that S is a locally compact metric space and that Λ is a
positive finite measure enter the proof.

To apply the result (3.1) in our situation, suppose first that E is compact, and
fix a path η such that Sν(η) < ∞. Then define the compact metrizable space S :=
I ×M×E2, the linear space C := {g ∈ C(S) | g(t, µ, x, y) = Df(t, µ, x, y) for some
f ∈ F}, and the positive finite measure Λ(dt, dµ, dx, dy) := dtm(ηt, dµ, dx, dy).
Since

H(ηs, f) =ø ηs,Gm(ηs)fs ¿ +
Z

dm(ηs) τ(Dfs), (3.2)

we have that

JT (η, f) = è(f)−
Z T

0
ds

Z
dm(ηs) τ(Dfs) = è(f)− Γ(Df),

with è(f) denoting the linear functional

è(f) :=ø ηT , fT ¿ −ø η0, f0 ¿ −
Z T

0
ø ηs, ∂sfs + Gm(ηs)fs ¿ ds. (3.3)

Since
1

kDfkτ

è(f) = è° f

kDfkτ

¢

= JT (η, f) +
Z t

0
ds

Z
dm(ηs) τ

≥ Dfs

kDfskτ

¥

≤ Sν(η) + 1 < ∞ ,
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we have è(f) = 0 whenever Df = 0 and hence è only depends on Df , i.e. è(f) =
`(Df), for some linear functional ` on C. With the above notation, Sν(η) = Γ∗(`).
Hence (3.1) gives us

Sν(η) =
Z

τ∗(K) dΛ and è(f) =
Z

Df ·K dΛ ∀f ∈ F ,

for some function K ∈ Lτ∗
. Hence with g := K + 1 ≥ 0 we get the representation

(2.5) and η ∈ Hν , where (2.3) follows from (3.3).
If E is not compact, let E denote its completion with respect to the metric d

chosen in Section 1. Then E is compact and Cu(E) is isomorphic to C(E). Thus
every f ∈ F0 can be regarded as a function on M(E), and M is naturally embedded
into M(E). Define S = I ×M(E)× E2 and Λ as above. Then we get a function g
defined on the bigger space S, but Λ only charges the set S = I ×M× E2, i.e. we
can set g ≡ 0 on S\S, and conclude as above.

Now suppose on the other hand that η ∈ Hν . Then, since η solves the weak
McKean-Vlasov equation with kernel dks = gs dm, we conclude with Young’s in-
equality that

JT (η, f) =
Z T

0
ø ηs,Gks(ηs)fs − Gm(ηs)fs ¿ −

Z
τ(Dfs) dm(ηs) ds

=
Z T

0

Z
(gs − 1)Dfs − τ(Dfs) dm(ηs) ds

≤
Z T

0
ds

Z
dm(ηs)τ∗(gs − 1),

which is finite by assumption. Therefore Sν(η) < ∞ and Theorem II is proved. §

Proof of Theorem III. First we will prove the differentiability assertion. Using
the elementary inequality

ab ≤ ea + b log b− b (a, b ≥ 0)

we find that, for every f ∈ F0 and η ∈ Hν ,

ØØ ø ηt, f ¿ −ø ηs, f ¿
ØØ ≤

Z t

s
dr

Z
dm(ηr)|Dfr · gr| (3.4)

≤ (t− s)kγk · ekfkF0 +
Z t

s
dr

Z
dm(ηr)

°
gr log gr − gr

¢
,

where kγk denotes the sup-norm of the function γ. Taking the supremum over all
f ∈ F0 with kfkF0 ≤ 1 we get that, for almost every t ∈ I,

lim sup
h→0

∞∞∞ 1
h (ηt+h − ηt)

∞∞∞
F 0

0

≤ kγke +
Z

dm(ηt)
°
gt log gt − gt

¢
< ∞.

Thus 1
h (ηt+h − ηt) is weakly compact in F 00 by the Alaoglu-Bourbaki theorem, for

each t outside a Lebesgue null set N0.
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Now we prove that, for almost every t ∈ I, this net can have at most one
accumulation point. Indeed, for each f ∈ F0, there exists a Lebesgue null set
N(f) ⊂ I such that t 7→ø ηt, f ¿ is differentiable outside N(f). If we already
knew that there exists a countable dense set D ⊂ F0, then the limit of 1

h (ηt+h−ηt)
(h → 0) would be uniquely determined for every t outside N0 ∪

S
f∈D N(f).

To prove separability of F0, let Fk denote a countable dense set of C1
c (Rk) with

respect to the norm kϕk+k∇ϕk (ϕ ∈ C1
c (Rk), k = 1, 2, . . . ), and choose G ⊂ Cu(E)

denoting a countable dense set with respect to the sup-norm. Such a set G exists
by Lemma II.6.3 of Parthasarathy [Pa]. Then the set D of functions f of the form
(1.7) with ϕ ∈ Fk, ψ1, . . . , ψk ∈ G and k ∈ N is dense in F0.

The above arguments imply that t 7→ ηt ∈ F 00 is almost everywhere weakly
differentiable with weak derivative η̇t (t ∈ I). Moreover, (3.4) shows that t 7→
ηt ∈ F 00 is weakly absolutely continuous and of strong bounded variation. Thus we
infer from Theorem 3.8.6 in Hille and Phillips [HP] that η is the indefinite Bochner
integral of η̇:

ηt = η0 +
Z t

0
η̇s ds (t ∈ I).

Corollary 2 of Theorem 3.8.5 in [HP] now states that η is even strongly differentiable.
Now let us turn to the proof of the Lagrangian representation formula of Sν . It

is based on the following integration by parts formula: For each t ≥ 0 and f ∈ F ,

ø ηt, ft ¿ −ø η0, f0 ¿=
Z t

0
ø η̇s, fs ¿ ds +

Z t

0
ø ηs, ∂sfs ¿ ds. (3.5)

This formula can be proved as Lemma 4.3 of [DG2], using the fact that t 7→ ηt ∈ F 00
is of strong bounded variation. Now, it follows from the definition of L and Eq.
(3.5) that, for any f ∈ F ,

Z T

0
Lt(η̇t, ηt) dt ≥

Z T

0

°
ø η̇t, ft ¿ −H(ηt, ft)

¢
dt = JT (η, f).

Hence,
Z T

0
Lt(η̇t, ηt) dt ≥ Sν(η).

Next, it follows from Eq. (3.2) and the weak McKean–Vlasov equation that, for
f ∈ F0 and almost all t ∈ I,

ø η̇t, f ¿ −H(ηt, f) =
Z

(gt − 1)Df − τ(Df) dm(ηt)

≤
Z

τ∗(gt − 1) dm(ηt),

where we again used Young’s inequality. Hence, by (2.5),
Z T

0
Lt(η̇t, ηt) dt ≤ Sν(η),

which finishes the proof of Theorem III. §
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4. A Large Deviation Upper Bound.

4.1. An exponential martingale. For η ∈ D(I,MII) and f ∈ F , let JM,N (η, f)
denote the following functional

JM,N
t (η, f) =ø ηt, ft ¿ −ø η0, f0 ¿ −

Z t

0
ø ηs, ∂sfs ¿ ds (4.1)

− 1
MN

Z t

0
HM,N (ηs,MNfs) ds.

In view of Eqs. (1.8), (1.9) and (2.2), it is easily checked that, for each f ∈ F and
t ∈ I,

sup
η∈D(I,MII)

ØØØJM,N
t (η, f)− Jt(η, f)

ØØØ −→ 0 (M,N →∞). (4.2)

¿From now on let us denote the coordinate process on D(I,MII) with (ξt)t≥0.

Lemma 4.2. For each f ∈ F , the process

ZM,N,f
t = exp{MNJM,N

t (ξ, f)}, t ∈ I ,

is a (PM,N ,Ft)– martingale.

Proof. Let g denote the function MNf for a given f ∈ F . Then the process

Mt := eøξt,gt¿ −
Z t

0
eøξs,gs¿HM,N (ξs, gs) ds (t ∈ I)

is a martingale by definition of HM,N and by the boundedness of g. Integration by
parts now yields

dZM,N,f
t = exp

∑
− ø ξ0, g0 ¿ −

Z t

0
ø ξs, ∂sgs ¿ +HM,N (ξs, gs) ds

∏
dMt.

Therefore ZM,N,f is a local martingale. But, again by boundedness, ZM,N,f is even
a true martingale. §

4.2. Exponential tightness.
The purpose of this section is to prove the exponential tightness property. It is

stated in the following

Proposition 4.4. For every L > 0, there exists a compact set KL of D(I,MII)
such that

lim sup
M,N→∞

1
MN

logPM,N
£
ξ /∈ KL

§
≤ −L. (4.3)

To prove the proposition, we will apply Theorem A in the Appendix with

F =
©
ø ·, f ¿

ØØ f ∈ F0

™
.

Clearly, F is additive, separates points, and is contained in Cb(MII). The first
condition of Theorem A will be shown in Section 4.2.2 and the second one will be
proved in Section 4.2.1 below.
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4.2.1. Exponential Tightness of ø ξ(·), f ¿.

We will show that, for a fixed f ∈ F0, the distributions of the process ø ξ(·), f ¿
under PM,N ,M,N ∈ N are exponentially tight in D

°
I, R

¢
. To this end, we will

apply the following exponential version of Aldous’ criterion given in Theorem B of
Pukhalskii [Pu]:

Theorem (Pukhalskii). Let (Xn)n∈N denote a sequence of stochastic processes
with sample paths in D(I, R), and suppose that

(i) lim
L→∞

lim sup
n→∞

1
n

log P
h
sup
t∈I

|Xn
t | > L

i
= −∞

(ii) lim
δ→0

lim sup
n→∞

sup
τ

1
n

log P
h

sup
t≤δ, t+τ∈I

|Xn
t+τ −Xn

τ | > ≤
i

= −∞ ∀≤ > 0,

where the supremum in (ii) is taken over all stoping times τ ≤ T . Then the sequence
(Xn) is exponentially tight in D(I, R).

Its condition (i) follows from the fact that 0 ≤ øξ, f¿ ≤ kfk, where kgk denotes
the sup-norm of a function g, regardless of the space on which g is defined.

Now let us prove condition (ii). To this end, let PM,N
ζ denote the solution of

the martingale problem associated with (1.4), where the process ξ starts from some
ζ ∈MII that has the form (1.2). Then, by Assumption II,

HM,N
°
ξs,MNβf

¢
≤ kγkMN exp

≥
kDfkβ

¥
,

for all β > 0. Choosing β = − log δ/kDfk and applying Doob’s inequality, we get,
with ZM,N,f

t denoting the martingale of Lemma 4.2, that

PM,N
ζ

h
sup
t≤δ

°
ø ξt, f ¿ −ø ξ0, f ¿

¢
≥ ≤

i
≤

≤ PM,N
ζ

h
sup
t≤δ

ZM,N,βf
t ≥ exp

≥
≤MNβ −

Z δ

0
HM,N (ξs,MNβf) ds

¥i

≤ exp
≥
MN(kγk+

≤

kDfk log δ
¢¥

.

Let us for the moment denote by MII
M,N the set of all two-level empirical measures

of the form (1.2), for given M and N . Then, if τ ≤ T is a fixed stopping time, the
strong Markov property yields that

1
MN

logPM,N
h

sup
t≤δ,t+τ∈I

(ø ξτ+t, f ¿ −ø ξτ , f ¿) ≥ ≤
i
≤

≤ 1
MN

log sup
ζ∈MII

M,N

PM,N
ζ

h
sup
t≤δ

°
ø ξt, f ¿ −ø ξ0, f ¿ big) ≥ ≤

i

≤ kγk+
≤

kDfk log δ,

which tends to −∞ as δ → 0. Condition (ii) of the above Theorem now follows by
applying

PM,N
h

sup
t≤δ,t+τ∈I

|Y f
t | ≥ ≤

i
≤ PM,N

h
sup

t≤δ,t+τ∈I
Y f

t ≥ ≤
i

+ PM,N
h

sup
t≤δ,t+τ∈I

Y −f
t ≥ ≤

i

with Y f
t :=ø ξτ+t, f ¿ −ø ξτ , f ¿ (f ∈ F0). §
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4.2.2. The compact containment condition.

We have to prove that, for every L > 0, there exists a compact set AL ∈ MII

such that
lim sup
M,N→∞

1
MN

logPM,N
£
∃t ≤ T ; ξt /∈ AL

§
≤ −L. (4.4)

Observe first that a set A ⊂MII is compact if and only if the set

C :=
nZ

µ ζ(dµ)
ØØØ ζ ∈ A

o

is compact in M. Indeed, if C is compact, Prohorov’s theorem implies the existence
of compact sets Kk ⊂ E such that

sup
µ∈C

µ(Kc
k) ≤ ≤2−k/k (k = 1, 2, . . . ),

whenever ≤ > 0 is given. Define F≤ =
T∞

k=1

n
µ ∈ M

ØØØ µ(Kc
k) ≤ 1/k

o
. Then F≤ is

compact, again by Prohorov’s theorem, and

ζ(F c
≤ ) ≤

∞X

k=1

ζ
≥
{µ |µ(Kc

k) > 1/k}
¥
≤

∞X

k=1

k

Z
µ(Kc

k) ζ(dµ),

which is less than ≤, for each ζ ∈ A. Thus A is tight and hence compact. The
converse statement follows from the continuity of the map ζ 7→

R
µ ζ(dµ) (ζ ∈

MII).
Therefore to prove (4.4) it suffices for us to show that, for every L > 0, there

exists a compact CL ⊂M such that

lim sup
M,N→∞

1
MN

logPM,N
h
∃t ≤ T with

Z
µ ξt(dµ) /∈ CL

i
≤ −L. (4.5)

To this end, fix M and N and define, for x = (xij) ∈ EMN , the functions γij(x)
(i = 1, . . . ,M, j = 1, . . . , N) by (1.3). Consider the generator A

M,N defined for
bounded and measurable functions F on EMN by

A
M,N

F (x) =
X

i=1,··· ,M
j=1,··· ,N

Z ≥
Fij(x, y)− F (x)

¥
γij(x)π(xij , dy), (4.6)

where Fij(x, y) denotes F evaluated at that point of EMN where the component
xij of x is replaced by y. As in Section 1.1 one sees that the martingale problem
associated with A

M,N is well posed, and that the unique solution Xt = (Xij
t )

(t ≥ 0) is a càdlàg strong Markov process. By projecting X via (1.1) and (1.2) onto
MII we recover the solution of the martingale problem ξM,N associated with (1.4).
On the other hand, modulo permutations of the indices, X can be recovered from
ξM,N . Therefore we can assume that PM,N arises as the law of the projection of a
stochastic process Xt (t ≥ 0), that is defined on a probability space (Ω,B, P ), and
that solves the martingale problem for A

M,N .
For a compact set K ⊂ E, let τ ij

K denote the stopping times

τ ij
K = inf{t ≥ 0 | Xij

t /∈ K}. (4.7)

We will prove below
14



Lemma 4.5. For every R > 0, there exists a compact set KR in E, independent
of M and N , and a family (σij

KR
) of stopping times (1 ≤ i ≤ M, 1 ≤ j ≤ N) such

that
(i) σij

KR
≤ τ ij

KR
a.s.

(ii) The stopping times σij
KR

are independent.

(iii) P
£
σij

KR
≤ T

§
≤ exp(−R).

Now put

CL =
n
µ ∈M; µ(Kc

k2L) ≤ 1
k

∀k
o
.

Then CL is compact in M. Moreover, with µ̄(t) =
R

µ ξt(dµ), t ∈ I, Lemma 4.5
yields

PM,N
h
∃t ≤ T ; µ̄(t) /∈ CL

i
≤

∞X

k=1

PM,N
h
sup
t≤T

µ̄(t)
°
Kc

k2L

¢
≥ 1/k

i

≤
∞X

k=1

P
h 1
MN

NX

i=1

MX

j=1

I©
σij

K
k2L

≤T
™ ≥ 1/k

§

≤
∞X

k=1

e−kLMN
Y

ij

E
h
exp(kLI©

eτij
K

k2L
≤T

™)
i

≤ 2MN e−LMN

1− e−LMN
,

which in turn implies (4.4) and hence (4.3). §

Proof of Lemma 4.5. Define

rij(t) = inf
n
s ≥ 0;

1
kγk

Z s

0
γij(Xu) du ≥ t

o

and let eXij
t = Xij(rij(t)). It follows that the process eXt = ( eXij

t ) is a solution of the
martingale problem for an operator having the form (4.6), but with the function γij

replaced by the constant kγk. Uniqueness of this martingale problem now implies
that the processes eXij (i = 1, . . . ,M, j = 1 . . . , N) are independent. Now, we can
define

σij
K = inf{t ≥ 0 | eXij

t /∈ K}.
Since γ ≤ kγk, it follows that rij(t) ≥ t, and hence σij

KR
≤ τ ij

KR
. This proves

assertions (i) and (ii).
To see that we can choose KR such that (iii) holds, observe first that we can find

an integer q such that the number of jumps of the process eXij until time T does not
exceed q with probability 1 − e−2R. By Prohorov’s Theorem, we can now choose
a compact K1

R so that a Markov chain starting from some x0 ∈ E and moving
according to the transition probability π does not leave K1

R in less than q steps
with probability 1− e−2R. By the Feller property of the kernel π, we can even find,
for each compact K0 ⊂ E, a compact KR such that the above holds uniformly for
each x0 ∈ K0. Since our starting points νM,N are assumed to converge weakly, (iii)
now follows easily by an other application of Prohorov’s Theorem. §
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4.3 Upper bound.
For δ > 0 and η ∈ D(I,MII) define

Sδ
ν(η) =

Ω
Sν(η)− δ, if Sν(η) < ∞,

1/δ, otherwise.

By standard arguments and Proposition 4.4 (see e.g. Dembo and Zeitouni [DZ], p.
6), the upper bound follows from the following

Proposition 4.6. For every δ > 0 and each η0 ∈ D(I,MII) there exists an open
neighbourhood V of η0 such that

lim sup
M,N→∞

1
MN

logPM,N (V ) ≤ −Sδ
ν(η0). (4.8)

Proof. If η0
0 6= ν, this is trivial. Therefore, we will assume η0

0 = ν in the sequel. By
the definition of the rate function, there exists fδ ∈ F such that

JT (η0, fδ) ≥ Sδ/2
ν (η0).

Let V denote the set

V =
n
η ∈ D(I,MII)

ØØØ
ØØJT (η, fδ)− JT (η0, fδ)

ØØ < δ/2
o
.

Since the mapping η 7−→ JT (η, fδ) is continuous on D(I,MII), V is an open
neighborhood of η0. Lemma 4.2 gives us that

1 = EM,N
h
exp

≥
MNJM,N

T (ξ, fδ)
¥i

.

Therefore,

−JT (η0, fδ) ≥
1

MN
log EM,N

h
exp

°
MN

°
JM,N

T (ξ, fδ)− JT (η0, fδ)
¢
; ξ ∈ V

i
.

Thus, by adding and subtracting JT (ξ, fδ) inside the exponential term and using
the definition of V , it follows that

−JT (η0, fδ) ≥
1

MN
logPM,N (V )− δ/2− sup

ζ∈D(I,MII)

ØØØJM,N
T (ζ, fδ)− JT (ζ, fδ)

ØØØ.

But,

sup
ζ∈D(I,MII)

ØØØJM,N
T (ζ, fδ)− JT (ζ, fδ)

ØØØ −→ 0 (M,N →∞),

and (4.8) is proved.

Appendix: A criterion for exponential tightness in D(I, E)

The purpose of this appendix is to give a criterion for the exponential tightness
of a sequence X1

· ,X
2
· , . . . of stochastic processes taking values in some completely
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regular topological space E. We shall assume that for each natural number n ∈ N
the process Xn

· induces a measurable mapping from some given probability space
(Ω,B, P ) into the Skorohod space D

°
I, E

¢
, endowed with the Skorohod topology

and its Borel field (cf. [Ja]). Note that this mapping is always measurable, if the
process Xn

· is right continous with left limits and the space E is at least separable
and metrizable. Let (an) denote some sequence of positive real numbers increasing
to infinity. We will say that the sequence (Xn

· ) is exponentially tight in D
°
I, E

¢

with speed (an), if for each L > 0 we can find a compact K ⊂ D
°
I, E

¢
such that

lim sup
n↑∞

1
an

log P
h
Xn
· 6∈ K

i
≤ −L.

The following criterion is an exponential version of a result due to Jakubowski; see
[Ja], Theorem 3.1.

Theorem A: Let E be a completely regular topological space with metrizable com-
pacts. Then the sequence (Xn

· ) is exponentially tight in D
°
I, E

¢
with speed (an), if

and only if the following two conditions are fulfilled:
(i) For every M > 0, there exists a compact AM ⊂ E, such that

lim sup
n↑∞

1
an

log P
h
∃ t : Xn

t 6∈ AM

i
≤ −M.

(ii) There exists an additive family F ⊂ C(E), separating the points of E, such
that, for each f ∈ F, the sequence

°
f(Xn

· )
¢

is exponentially tight in D
°
I, R

¢
with

speed (an).

Remarks:
1. The space C

°
I, E

¢
of continous paths, endowed with the usual compact open

topology, is a closed topological subspace of D
°
I, E

¢
(cf.[Ja], Proposition 1.6

(i)). This shows that the above criterion holds in C
°
I, E

¢
as well.

2. The assumption F ⊂ C(E) may be weakened. It suffices to assume that the
restriction of each f ∈ F on each set AM is continous.

3. The event
©
∃ t ∈ I

ØØ Xt 6∈ A
™

is Borel measurable if A ⊂ E is closed (cf.[Ja],
Proposition 1.6 (v)).

Proof of Theorem 1: The necessity of the two conditions can be shown as in the
case of ordinary tightness. To prove sufficiency, we note first that, by Lemma 3.2
in [Ja], the family F may be assumed to be countable: F =

©
f1, f2, . . .

™
. Now, for

each k ∈ N and every R > 0, there exists, by assumption, a compact eCk
R ⊂ D

°
I, R

¢

with
lim sup

n↑∞

1
an

log P
h
fk(Xn

· ) /∈ eCk
R

i
≤ −R− 1.

Hence there is some n0 ∈ N such that, for all n ≥ n0,

P
h
fk(Xn

· ) /∈ eCk
R

i
≤ e−Ran .

17



Since D
°
I, R

¢
is Polish, the set eCk

R may be enlarged to a compact Ck
R, satisfying

P
h
fk(Xn

· ) /∈ Ck
R

i
≤ e−Ran ∀n ∈ N.

Now let L > 1 be given. We define

KL =

(

w ∈ D
°
I, E

¢ ØØØØw(t) ∈ AL ∀ t, fk

≥
w(·)

¥
∈ Ck

kL ∀ k ∈ N
)

.

In [Ja] it is shown that KL is a compact subset of D
°
I, E

¢
. So, to establish expo-

nential tightness, it suffices to observe that

lim sup
n↑∞

1
an

log P
h
Xn
· /∈ KL

i
≤ (−L) ∨

µ
lim sup

n↑∞

1
an

log
∞X

k=1

P
h
fk(Xn

· ) /∈ Ck
kL

i∂

≤ (−L) ∨
µ

lim sup
n↑∞

1
an

log
∞X

k=1

e−kLan

∂

≤ −L.

Acknowledgement. We would like to thank the referee of the paper for several
insightful comments.

References

[Bi] P. Billingsley, Convergence of Probability Measures, John Wiley & Sons, Inc., New York,
1968.

[D1] D. A. Dawson, Asymptotic analysis of multilevel stochastic systems, Stochastic differ.
systems (ed. M. Métivier and E. Pardoux). Lecture Notes in Control and Information
Sciences, vol. 69, 1984, pp. 76-89.

[D2] D. A. Dawson, Stochastic ensembles and hierarchies, Stochastic Processes and their Ap-
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