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1 Introduction and statement of results

In this paper we study Freidlin-Wentzell type large deviation estimates for certain infinite
dimensional diffusions. But before stating our results let us briefly recall the classical
facts on small random perturbations of finite dimensional dynamical systems: Suppose &;
(0 <t <1)is a d-dimensional diffusion associated with the generator
d. .. 0 0 d 0
A = g a¥ (- -— b.(- -,
€ \/_Z ()axzax] Z E()al’l

ij=1 i=1

and starting from 2 € IR?. Assume that the matrix a = (a%) is positive definite and
that the vector fields b, = (b') converge uniformly to a vector field b as ¢ | 0. Under
additional boundedness and regularity assumptions one can show that, as € | 0, the laws
of &° satisfy a large deviation principle on C([O, 1] : ]Rd> with speed 1/e and a good rate
function J, : C’([O, 1] : IRd> — [0, 00]. By this statement we mean the following pair of
inequalities: If A C C([O, 1] : ]Rd> is closed, then

% elogP|£f e Al < —inf J,(w),

if, on the other hand, U is open, then

lim elog P|&F € Ul > — inf J.(w).
€l0 L |

The expression ‘good rate function’ refers to the lower semicontinuity of J, and the
compactness of the level sets {w ‘ Je(w) < a} (a > 0). If, for example, b = 0 and
w(0) = x, then one can show that the rate function J,(w) coincides with the energy of the
path w with respect to the Riemannian metric on IR? that is associated with the inverse
a~! of the coefficient matrix a. An exposition of these results can be found in the lecture
notes [Az] by R. Azencott. For the general theory of large deviations we refer to the book
[DZ] by A. Dembo and O. Zeitouni.

The purpose of this paper is to study such large deviation probabilities, when the diffusion
£° is replaced by some rescaled super-Brownian motion. This process arises as a high-
density limit of a system of branching particles, where each particle moves according to
a time-scaled Brownian motion By := B,; (t > 0), for some ¢ > 0. Formally, super-
Brownian motion is a diffusion (X;);>o taking values in the space M* (IRY) consisting of
those positive Radon measures p on IR for which [ ¢,(x) pu(dz) < oo, where ¢, denotes
the function ¢,(z) = (14 |z[*>)"7/? and p > d is fixed. We endow the space M} (IR?) with
the topology generated by the maps

MY 3 (fon)  (f € (g} UCRY),



with Cc(]Rd) denoting the space of continuous functions on IR? with compact support. The
topological space ./\/l; (IR%) is Polish, but not locally compact. The law IP7 of the process
starting from p then is a Borel probability measure on the space C' ([O, 00) : M;(]Rd)) of
continuous M;(Rd)-valued path. Throughout this article we will assume that all path
spaces are endowed with the compact open or uniform topology. IP may be characterized

by the Laplace functionals of its transition probabilities:

(1) By|ew (~(£.X0)| = e (~wtrm)  (£20. pe MR, 20).

Here ( f, u) := [ f dp as usual, and u is the unique positive mild solution of the reaction-

diffusion equation

el _ 2
©) U = SAu—wu
u(0) = f.
The reader may find a comprehensive introduction to superprocesses in the lecture notes
[Da] by D. Dawson.

One can show that the infinitesimal generator L? of super-Brownian motion is, for a large

class of ‘smooth’ functions /' on M (IR%), given by

(3) LF(u) = (F'(p), p) + g<AF.’(u), py  (pe Mj(RY),

where F and F) are the Gateaux derivatives of F' in direction of the Dirac measure d,:

2

d
Fy(p) = —|  F(u+td,) and F(u) =

= — F t0,
dt li—o dt? li—o (1 +10)

(cf. [EKR]). Let us now scale, as above, the second order term of L7:

LIF(p) = e(F" (1), ) + %<AF.’(M), .

Then an easy calculation shows that the solution of the corresponding martingale problem

coincides with the distribution of ¢X. under IP,,.. Now we can state our first result:

Theorem 1  Assume o > 0 and pu € M;(]Rd). Then, as € | 0, the distributions of

(eX+)o<t<1 with respect to IP7 . satisfy a large deviation principle with speed 1/e and good

€

rate function

1

(4) IT(w) = supX]Rd) </01<f(t), w(t)) dt — log]EZ{eXp (/0

feC.([0,1]

(o), )ar)

(we (0,1 : M (RY)).



The same problem has been studied independently in the paper [FGK] by K. Fleischmann,
J. Gartner and 1. Kaj. In that article the large deviation principle is established by using
different methods and only in a weaker topology by embedding C([O, 1] : MF (]Rd)> into
a certain locally compact space, while we here deal with the compact open topology. On
the other hand, the main emphasis of [FGK] is to find an integral representation for the

rate function []. It is concluded that, for strictly positive o,

2

d(w(t) — FAw(t))
dw(t)

dt ifwe H? and w(0) = p
L2(w(t))

1 /1
(5)  I(w) = i

00 else.
Here the Laplace operator is to be taken in sense of Schwartz distributions and the space
H° consists of all absolutely continuous paths w € C ([0, 1] - MF (]Rd)> for which, for
almost every ¢, the Schwartz distribution w(t) — §Aw(t) possesses the Radon-Nikodym
derivative d(w(t) — §Aw(t))/dw(t) with respect to w(t). However, a complete proof of
(5) is only provided if A is the Laplace operator with Dirichlet boundary conditions for
some bounded domain in IR?. The extension to the unbounded case, that would be of
interest here, relies on some additional hypothesis unproven yet. In Theorem 4 below we

will prove an analogue to (5) for the case o = 0.

Theorem 1 can also be interpreted as an infinite and continuous parameter version of
the classical Cramér theorem: Indeed, for ¢ = 1/n, the distribution of *X. under |
coincides with the law of the empirical mean of n independent super-Brownian motions

distributed according to IP. This follows easily from the branching property (1).

Our next result treats the case where also the drift term of the operator in (3) is scaled,

i.e., where the constant ¢ in Theorem 1 is replaced by a varying scale J. depending on ¢.

Theorem 2  Assume p € M;(]Rd) has full support and (6:)e=o decreases to zero as

€1 0. Then, as € | 0, the distributions of (€X;)o<t<1 with respect to ]Pff/6 satisfy a large

deviation principle with speed 1/ and good rate function ]2.
Choosing 0. = ¢ in this Theorem we get the following

Corollary 3 Assume p € M;;(]Rd) has full support. Then, as € | 0, the laws of X
(0 <t < 1) under IP7 satisfy a large deviation principle with speed 1/e and good rate

function Ig.

This Corollary is a direct analogue to Theorem 6.4 in Chapter V of [Az]. As there, one

can use it to study the small time behaviour of super-Brownian motion. Below we will
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see that the role of the Riemannian distance in the classical case is now played by the
so-called Kakutani-Hellinger distance on M;(Rd).

Let us consider another application of Theorem 2. To this end, the random measure X,
will be regarded as a generalized random field on IRY. Let us introduce a space-mass
transformation by

(6) X{ = gXeop (> 0),

where p, : R? — IR* denotes the space contraction p,(r) = x/r. Because the Lebesgue
measure, A, is invariant under this transformation (6), it serves as the natural starting
point Xo. Then, as r T oo, the laws of (X} )o<t<1 under IPS satisfy a large deviation
principle with speed ¢ and good rate function I. This follows from the fact that the
distribution of the process (X;op, ');>o with respect to IPY, coincides with ]PZ ;i_l (see the
proof of Lemma 5.2 in [DF]).

Let us now turn to the integral representation of the rate function [2. Recall that the

Kakutani-Hellinger distance d(u,v) of two positive measures p and v is defined by

- (- 5

where n is any positive measure such that both y and v are absolutely continuous with
respect to n (see [JS]). One can show that d(u,v) does not depend upon the particular
choice of n. If w € C([O, 1] : M;(]Rd)) and A = {to,...,t,} is any ordered partition of
[0, 1], we define Ea(w) by

Ea(w) = z":d(w(:)iiffill)) ‘

i=1

The expression £(w) := sup Ea(w) will be called the Kakutani-Hellinger energy of the
path w. We define H to be the set of all those w € C’([O, 1] : M;(]Rd)) that are of the

t
form w(t) = w(0) +/ w(s)ds (0 <t < 1) for some locally finite signed measures w(s). In
0

addition we demand that w(s) be absolutely continuous with respect to w(s) for almost

i

Theorem 4 Let D denote the set of all w € C([O, 1] : M;(]Rd)) for which the support
supp w(t) of w(t) is contained in supp w(s) whenever 0 < s <t < 1. Then

26(w) ifw €D and w(0) = p,

every s and that
2

dw(s)
dw(s)

ds < 00.
L2(w(s))

Lw) =

00 otherwise.
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The Kakutani-Hellinger energy £ satisfies

1 ilde 2
- / () dt ifwe H,

Ew) = { 8Jo lldv(t)liz2a)
00 otherwise.

It is just for simplicity that we restricted ourselves to the study of super-Brownian motion.
Indeed, we could have worked from the beginning with a-stable processes instead of
Brownian motion, as is done in numerous papers on the subject. Also it should be easy to
proof the Theorems 1, 2 and 4 also for historical super-Brownian motion. If one would like
to extend our results to even more general one-particle processes, the key seems to be to
find analogues for the results of Section 3. Certainly, the restriction to binary branching is
inevitable for large deviations, since otherwise ( f, X;) would not possess any exponential
moments for positive f. However, the results in the sections 5 and 6 also extend to this

case with the appropriate modifications.

2 Plan of the paper

We start with two preliminary sections on p-tempered measures and historical super-
Brownian motion. Then we state several auxiliary estimates for (historical) super-Brownian

motion. Some of them might be interesting in their own:

Some of the major difficulties in the proof of Theorems 1 to 2 stem from the fact that,

for every positive function f, one can find some 3 > 0 such that

g exp (3£, X0)| = +oc.

Using functional analysis, it has been shown in [FK] that there exists a constant & > 0
such that at least the expectation ]Eu[exp (5 f01< bpy Xs) ds)] becomes finite. This suffices
to prove Theorem 1 in a locally compact topology. Its formulation in the strong topology
and the statement of Theorem 2 only became possible by the upper bound of the following

estimate: If f is a bounded and measurable function on IR? satisfying f < 1/t a. e., then

E,[f(Bo)]

(7) 1 —t- Ea: |:f(BO't)

f(Bat) )],

| < 1og]Ef{m{eXp ((f. Xt>)] < Ez[m



where F, denotes the expectation with respect to Wiener measure with starting point
z € RY. In Section 5 we prove the corresponding result for historical super-Brownian

motion.

With the maximal inequalities of Section 6 one can estimate probabilities of the form

]PZ[ sup Xy (A) > L}. As an upper bound, one gets expressions involving the first en-
0<t<1

trance time 7 of Brownian motion into the set A. E.g.:

]Pl

I

1
sup X (A) > L} < = PH{T < 1}.
0<t<1 L

The results of this Section will be needed to prove exponential tightness and they provide

the reason for working with historical super-Brownian motion.

Section 7 contains an estimate designed for an application of the exponential tightness
criteria in [S1]. Additionally it is shown that the Hélder norm of the stochastic process
( f, X.) possesses some exponential moments with respect to IP}, for a large class of smooth

functions f.

The technical Section 8 prepares the application of the Gartner-Ellis theorem in the proof
of Theorem 2. Finally, the proofs of our large deviation results are contained in Section
9.

3 p-tempered measures and functions

In this section we state some preliminary results on the p-tempered measures and functions

having been introduced in [Is].

Let p > d and ¢,(z) = (1+ |2[*)7/2 (z € R?). The space M (IR?) of all p-tempered
measures then consists of all positive Radon measures 1 on IR? that are of the form
p(dr) = ¢,(x)"'v(dz) for some positive finite measure v on IR?. We endow the space
M;(]Rd) with the p-weak topology that is generated by the maps M;(Rd) Sur— (f, )
(f € {¢p,} U C’C(IRd)). Then, by definition, M;(Rd) is topologically isomorphic to the
space M +(]Rd) of all positive finite measures equipped with the topology generated by the
maps M*(IRY) > pu+—— ( f, ) (f e {1} U C’c(]Rd)). But this topology coincides with the
usual weak topology. As a consequence, we can state the following version of Prohorov’s

theorem.



Proposition 5 A subset K C ./\/l; (]Rd) is relatively compact, if and only if the following

two conditions are fulfilled:

(8) sup( ¢p, p) < 00 and lim sup / op(x) p(dz) = 0.
her M o)

Our next lemma is an extension of the branching property (1) to functions taking arbitrary

signs.

Lemma 6 Assume pu € M;(]Rd) and f is a measurable function on R satisfying the
condition Euﬂf(Bgt)u = /Ex[\f(Bgt)” p(dr) < co. Then

log 5 [ exp (£, X0)| = [ o 5, | exp ((£. X0)) | ).

Proof: This statement may be proved like (21) below by making use of the Poisson cluster

representation of super-Brownian motion. ]

The assumption E““ f (Bt)” < o0 in the above Lemma is needed to ensure that the
random variable ( f, X;) is almost surely well defined and finite. In the sequel we will
need an appropriate space of test functions for M;(Rd), which satisfy this finite moment
condition. A convenient choice can be made by using the space F), consisting of all those
continuous functions f for which there exists a finite limit of the ratio f(x)/¢,(x) as

|z| T co. When equipped with the norm
(9) 1£le, =1£/¢slc = sup |f(@)/dy(a)|  (f €F,),

z€lR
F, becomes isometrically isomorphic to the space of continuous functions on the one-

point compactification of IR?, endowed with the usual sup-norm. Hence F, is a separable
Banach space. By definition, M; (IRd) is a subset of its topological dual and vice versa.

Now let us define the semigroup

Tif(x) == E[f(B)] (t>0,f€F,).
Then, according to Lemma (3.2) and Lemma (3.3) of [DFG]|, (T}):>0 is a strongly con-

tinuous semigroup of bounded linear operators on F,. In particular, by the uniform

boundedness principle, one can find, for each ¢ > 0, a constant C; > 0 such that

(10) sw [T fle, < Cillfls,  (/ €F,)

For further reference let us also state a simple consequence of the triangle inequality:
(11) fi— foinF, = T,f, — foinF, (t]0).

I owe the short proof of the next lemma to Klaus Fleischmann.



Lemma 7 Define the function vy, by

(12) Yot 1) = Ey {sup ¢p(38)} (t>0,2 € RY).

s<t

Then 1o ,(t) belongs to F, for each t > 0.

Proof: Continuity of vy ,(t) follows from dominated convergence. Now we claim that
lim|, 100 Yop(t, ) /dp(x) = 1. The lower bound is trivial, since 1, (¢, ) > ¢p(x) for each
2. On the other hand,

(13) M < Eo{supw; Slip\Bs! < 5} _|_¢p(x)1~P0[sup|Bs| > 5].

¢p() s<t Op(2) s<t
Since |x+ Bg| > |z|—|Bs|, the first term on the right hand side of (13) may be estimated by
Gp(z)~t - (1 +(1— 6)2|x|2>p/2, which converges to (1 —4)7? as |z| T co. The second term
converges to zero, because it follows from the reflection principle for Brownian motion
that the probability Po{supsgt | Bs| > (5} decreases exponentially fast as || T co. Thus we
have shown that lim g ,(¢,2)/¢,(z) < (1 —6)"P. But § > 0 was arbitrary, and hence

|| oo
the assertion follows. ]

4 Historical super-Brownian motion

In this section we recall the notion of historical super-Brownian motion and the repre-
sentation of its Laplace functionals by its canonical measure or Lévy measure. General
references for historical superprocesses are [Da] and [Dy|. The definition of a path process

below is close to [Dy], section 1.8.

For r > 0 and 7 € C’([O, 00) : IRd) we denote by P,z the unique probability measure on
C([O, 00) : IRd) such that

(14) for P,z-a.e. J € C([O, 00) : IRd>, 7(s) = Z(s) for each s € [0, 7]
(15) under P, z, the process t — 7(r + t) is a Brownian motion

starting from Z(r).

In other words, the measure P,z forces Brownian motion to follow the path Z up to

time r. In addition, we consider a path-valued stochastic process (Ft@))po defined, for

yEC([O,oo):le>,by B

Bi(y) = y(-At)  (t=0).



Clearly, the filtration generated by (Bj);>o coincides with the canonical filtration (F});>o
that is generated by the coordinate process on C’([O,oo) : IRd). Thus, when 0 < r <5
and t > 0, one easily proves the identity

Ps|B € A|F| = P, [Bic A]  Poras,

for cylinder sets A, and hence for arbitrary Borel sets A C C([O, 00) : ]Rd). Analogously
one can prove a strong Markov property. In this sense the collection (P.., B.) forms a
time-inhomogeneous strong Markov process. It is usually called path process associated
with Brownian motion. We may also consider the case where the underlying Brownian
motion is time-scaled by some parameter ¢ > 0. Then the corresponding probability
distribution FZE is characterized by assuming, instead of (15), that under FZ,E the process

t — y(r +t/o) behaves like a Brownian motion starting from Z(r).

The superprocess X built upon this path process as one-particle motion is called historical
super-Brownian motion. It is a time inhomogeneous diffusion possessing as state space
the set M™ (C([O, o) : ]Rd» of positive finite measures on C’([O, 0) : IRd), and it may

be characterized by the Laplace functionals of its transition probabilities:

(16) log T exp (= (£, %) = ~{u(r), 7,

where r > 0, m € M™* (C’ ([0, 0) : ]Rd)), f denotes a positive bounded and measurable

function on C ([0, o0) : IRd) and v; is the unique positive solution of the non-linear integral

equation
T t_ _
(17) wlra) = Bl (B0 ~ [ Bl uls B2 ds
Thus T:ﬁ is a probability measure on the space C([O, o) : Mt (C’([O, 00) - IRd>). If

f=a<0in(17), then v; does not depend on T and is given by v,(r,T) = a/(H—(t—r)Oz).

Analytic extension of this solution to positive a yields

(18) log 7 [exp (a1, X0)] = (1,7 Viiva,
where
Q . 1
if a < —,
(19) Via = ¢ 1t t (a €R, t>0).
00 else

For the moment let m; denote the mapping

m(T) = 7() (t > 0,7 € C([0,00) : ]Rd)).

10



If r = 0, it can be seen immediately that ?gﬁ only depends on j := fiomy '. Under slight

abuse of notation, we will therefore write Fg instead of Fgﬁ

It is not surprising that, if we study the law under IP 5 of the measure-valued process
defined by

(20) Xe = Xppomy,  (t20),

we recover ordinary super-Brownian motion starting from g o 7 L.

Proposition 8 For allc > 0 and r > 0 there exists a unique positive o-finite measure
A, concentrated on C’((r, o0): M (C’([O, ) : ]Rd))), such that A (Xt =0Vt> 7’) =0,

T

and, for allty, ..., t, > r bounded measurable functions fi,..., f, on C([O, 00) : IRd> and
fie M+(C([0,00) : RY)))

(21) log]Ezu{exp <Zz:;<f“ X@)] = //exp (12:; fis Oz(nry * X4, >> — 1dA; 7(dz),

where x denotes convolution. Furthermore, K: (Yt + 0) < oo for every t > r. We will

30 . . . . . .
say that A, is the canonical measure for historical super-Brownian motion.

Proof: Uniqueness follows by monotone class arguments.

Let 0 € C’([O,oo) ; IRd) denote the trivial path satisfying 0(¢) = 0 for all ¢ > 0 and
suppose first that, for given ty,...,t, > r, the functions fi,..., f, only take negative
values. Then, by the uniqueness of the solution v; of (17) and the Markov property of the
historical super-Brownian motion,

n

IEZ5;[6XP(Z<fia X@)] = ]Ej,aa[exp(iﬁu (ar) * X, >)]

i=1
for all T € C’([O, o0) : IRd). By the branching property (16), we thus may assume 7 = Jj.

To show the existence of K: one can proceed in different ways. A direct construction
using Brownian excursions has been given by J. F. Le Gall (see [LG]). Alternatively, one
might use the fact that, by the branching property, IP: 5 defines an infinitely divisible
distribution on the semigroup C' ([O, o0) : M™T (C’ ([O, 00) : IRd>)). For superprocesses with
compact state space, this argument has first been carried out in [EKR]. More generally,
one can use ideas of [KMM] to prove a special kind of Lévy-Khinchin representation the-
orem for infinitely divisible probability measures on semigroups without any topological
requirements. This can be applied to general superprocesses. See [S2], sections 1.1 and
1.2.

11



Now we prove (21) for arbitrary bounded and measurable functions fi, ..., f, by using the
so called Poisson cluster representation. Applying the Markov property, we can reduce the
problem to the case where n = 1. Define the finite measure I' on the set £ := C ([O, 00) :
IRd) X M*(C([O,oo) : IRd)> by ' = 1 ® (( ) o X, ) Let IIr denote the

Poisson measure with intensity I' and set F (7, 1/) = <f, Oz(-Ar) * 7) ((T, v) € E) Then
JIFIr < [ [C181, dagan + X0 dBY plda) = By |I£(Bo)l| < oo.
Therefore ( F, n) is well defined for IIp-a.e. n € M+ (E) and
tog [ exp ((F. ) Tie(dn) = (e = 1,T)

(22) - / / exp ({ f, Gsar * X1)) — LdAY fi(dz).
But since we already know (21) for negative functions, a monotone class argument implies

that ]P 20X, "and Tl o V! coincide, where the random measure Y is given by Y (n) =
[ 0z * yn(da:, dv) (77 € M*(E)) Hence

g exp (£, X0)] = [exo ((£0)) Tetan) = [ exp (CF,n) Tie(dn)

and the assertion now follows from (22). ]

Remark: Since A, restricted to the set U {X;, # 0} is a finite measure, there arise no

difficulties when applying Fubini’s theorem to formulas like (21).

5 Estimates for the Laplace functionals of historical

super-Brownian motion

In this section we give upper and lower bounds for the Laplace functionals of historical
super-Brownian motion. The upper bound is crucial for the further development of this
paper. As I learned during the preparation of the manuscript, a different though related
inequality was first proved in an analytical context by F. B. Weissler (cf. [We], Theorem
3). Using moment estimates, E. A. Perkins proved Weissler’s result for the Laplace

functionals of branching particle systems (cf. [Pe], Proposition 2.6).
Theorem 9 For every bounded and measurable function f on C([O, o0) : IRd),
(33) Vi B [f(B))] < 105 exp (. X0)| < B[Vt (B

where V; denotes the function defined in (19).

12



Remarks: 1. For bounded and measurable functions f on IR? define the semigroups 77
and U7 (t > 0) by

G4)  T7f@) = E[f(Ba)]  and  UPf() = logTEE, [exp ({1, X0)]

Projecting (23) via (20) yields ViIY f < U7 f < T7V,f, and hence

(VinT50) < U7 < (T5.Vigm) [
Since V; (t > 0) is a semigroup, too, we may expect the following Trotter product formula:

(25) U7 = lim (Vi T3,)" =l (77, Vipn) "
In this sense (23) would be optimal. However, stating a rigorous version of (25) would

require additional care; in particular, since f —— V;f is non-linear and possibly infinite.

2. The results of this section may be extended to general superprocesses, provided the
branching parameters are spatially homogeneous. As an example let us consider the case
of the so called -branching, when the square in the defining equation (2) is replaced by

the function z —— 2!'*# for some 3 € (0,1). Then one would have to replace V; by

z

if 2<0
—~\B8)1/8 -7
i = | Q8= (- € R).

00 otherwise

3. The upper bound in Theorem 9 can also be extended to the exit measures introduced
by Dynkin. See [S2].

For our probabilistic proof of Theorem 9 we will need the following Lemma, where we
will calculate the conditional expectation of ( f, X;) given (1, X;) with respect to both

. . . . by . . e
historical super-Brownian motion IP, s and its canonical measure A, . In the latter case
T

we will use the notation " [ (f, X4 ‘ (1, X4) }

Lemma 10 Assume o0 > 0, 0 < r <t < oo and that f is a bounded and measurable
function on C([O, 00) : ]Rd). Then

1. E™

(f, Xu) ) (1, Xﬁ} = Eg[f(B)] (1, X)) A-ae

2 B (X0 | (LX) | = B [fB] - (LX) Pes

13



Proof: We may assume without restriction that f is positive. First we will show that for
all >0

(26) [ Ky e X0 aR] = Bg[f(Bo)] - [(1, %) et 50 dR]
This will imply the first assertion. The left hand side of (26) may be calculated as

d - —~o

- S:O/exp (~(s+a)(1, X)) — 1dE,
= (Er,o[exp (- a1, Xt>)D |1 X exp (— a(1, X))
o t _

(27) = E.5 [f(Bt) exp ( — 2/ v (u, By) du)},
where v,(r, ) := —log EZ’% [exp ( —a(l, Xt>)]. The equality (27) can be shown either

by the representation formula for Palm distributions of superprocesses (see [Da], Theorem
11.6.1), or directly using a Feynman-Kac argument (see [S2]). But, by (19), v(r,Z) =
a/(1+ (t—r)a) is independent of T, and hence (26) is proved. The second assertion may

be reduced to the first by using Proposition 8. []

Proof of Theorem 9: Using Jensen’s inequality for conditional expectations and the

second assertion of Lemma 10
Eia;[exp ((fa 7t>)} > EZ,&;[GXP <Ef,5;[<f7 7t> ’ (1, YQD]
= B, e (EL[1(BO)(1 X)) .
The lower bound is now implied by (18).

To prove the upper bound, we may assume T = 0. This time the idea is to apply Jensen’s

inequality to the integral with respect to the random measure X;:
loglEg,(so[eXp (¢f, XQ)]

< L (F0T X)) - 1dRY

_ (1, X¢)
{X+#£0}
1 —KZ 1L, X:())f 3 ~ 1 A° w
T {Xt(w/);m} mﬂa {<e< N Xt>’<1’ Xt*w) LA (dw).

Lemma 10 applied to (28) gives the upper bound:

log]EgﬁO{eXp ((1. XQ)} < /Ezo{exp (1, X0 - f(Bt)ﬂ —1dA] = E; {v”f(Bt)}

[]
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6 Maximal inequalities for super-Brownian motion

In this section we present a general method to obtain maximal inequalities for linear
functionals of super-Brownian motion. While an inequality of this type first has been
derived in the author’s diploma thesis, the method of proof presented here is taken from

[Br], where it has been applied to sequences (X, )nen of exit measures.

In the sequel we will assume that Brownian motion (B;);>o is represented on its canon-
ical path space C' ([0,00) ; IRd>, (Ft)i>o0 is its natural filtration and P7 is the scaled
Wiener measure with finite initial distribution p. The following lemma is due to Julia
Brettschneider.

Lemma 11  If (M;);>0 is a submartingale with respect to Py, then so is (< M, 7t>)t>0

with respect to Fg’#.

Proof: If (G)+>0 denotes the natural filtration for historical super-Brownian motion, then,
for t > s, Eg#[(Mt, X) ’ gs} = E;ys [(Mt, Yt)] = <EZ[M,5], 75>. Fg#—a.s. It is easy
to see that E7 [M,] is a (regular) version of the conditional expectation B [Mt | .7-"5}, with
Fs:=0(B, : u<s). Now define C := {T € C([O, ) : ]Rd) E7L[My] < My(z) } Then,
since C' € Fy,

ag
O,p

I, [X.(C)] = P}, [B.eC| = PI[C] = 0.

Thus X,(C) = 0 ?g#-a.s., and hence

G.| = (ELIm). X)) > (M, %),

S, -

Iy, |( M, X0)

[]

Now let f denote a positive measurable function on IR?. For simplicity we will assume

that f is lower or upper semicontinuous. Then the process (M;) given by

(29) M; = sup f(B,)  (t>0)

s<t

is left or right continuous, respectively, and no measurability problems arise. The idea
to obtain inequalities for sup,.,( f, X,) now is to apply the projection property (20) and
Doob’s maximal inequalities to the submartingale ( M;, X,) (t > 0). E.g.

. _ 1, _
(30) 1P| sup( f, X.) EL} < IPOM{sup(MS, X,) ZL] < LEOM[(M,:, Xt>]

s<t s<t
1 g
= B s8]

15



In the sequel we will need the following exponential inequality which also holds for non-
finite p € ./\/l;;(IRd). Its proof uses a combination of the above argument and the upper
bound of Theorem 9. Therefore it provides the reason why we had to work in the historical

setting up to now.

Proposition 12 Assume u € M;{(]Rd), o > 0 and f is a lower or upper semicontinuous

function taking values in [0,1]. Then

oy [exp( sup( /. X,Q)] < exp <1+<E[supf(Bt)}, u>>

t<o

Proof: Let p = Z 1; denote a decomposition of the o-finite measure p into finite measures

=1

i;. Furthermore assume that X!, X2, ... is a sequence of independent processes such that
X? has distribution IP7.. Then the distribution of Z X% is equal to IP7. Therefore

sup( f, ZX = sup sup( f, ZXZ

t<1 nelN t<1 Pt

and the assumption follows by monotonicity once it is shown for finite starting points
v e M*H(IRY).

To this end define (M;);>0 as in (29). Then, according to Lemma 11, the stochastic process
exp( ( My, Xt>> is a submartingale with respect to Fg,l, for each ¢ > 0. Therefore,
arguing similarly to (30) and applying the upper bound of Theorem 9,

EZ[QXP(%EE?<JC’ Xt)ﬂ < Ej l(sup exp( (M, Xt>)>q]

)l
= exp( 225 )
(¢#]

(q —) exp sup f Bt)} >>

t<o
The assertion now follows by letting ¢ tend to infinity. ]

IN

7 Exponential moments for the Holder norm

of super-Brownian motion

The aim of this section is to show that, for a large class of functions f € F,,, the stochastic

process ( f, X;) is not only IP,-a.s. Holder continuous for each Holder coefficient a €

16



(0,1/2), but also that the Holder norm |{ f, X.)|, possesses exponential moments with
respect to IP7. Holder continuity of this process has been shown before in [Da], Proposition
7.3.1, but the existence of exponential moments does not follow from that result. J. D.
Deuschel and K. Wang proved the existence of exponential moments for certain time
integrals of super-Brownian motion. Some of their ideas were used in [S1] to prove an

embedding theorem between certain Holder and Orlicz spaces, that will be applied below.

Lemma 13 Assume o > 0, s,t € [0,1], s # t, p € M;(IRd) and let C, denote
the constant defined in (10). Suppose furthermore that g € F, is a twice continuously

differentiable function satisfying cAg € F,, ||g||Fp <|t—s|7t and

t—sl-loly, o

—lt—=sl-llglle, 2

(31) U, (g, [t —s]) = Cg<1 \t—SI-HAgHFp) < L

Then

)] = 2o (cut o)y

(32) IEZ[eXp (’(g, Xi) — (g, Xs) 1—0 (g it — S|)

Proof: Assume t > s. Then

;[ exp (|9, %) — (g, X)] )
< B exp (9, %) — (9. X)) | + Ex exp (9. X0) = (9. X0 )|

Clearly it suffices to estimate only one of the two terms on the right hand side. To this

end we apply the Markov property, Lemma 6 and the upper bound of Theorem 9:
;e (49 X0 — (0, X0)] < By[exp (T gVing — 9, X))
< exp <<T05V3|To(ts)‘/2—sg —gl, M))
< exp (Ca< Op, 1) - VillTo—5)Viesg — gHFp>-
Note that
(33) 1To-9Vis9 = 9llp, < 1 To0-5(Viesg = O, + 1To-99 = 9llg, -

Since V;_S||g||Fp is finite by assumption, we may estimate the first term on the right hand
side of (33) by using (10):

(t — s)g? (t = s)g’llg
Tyi—ss(Vicsg — g < Cy||l—F——F"—— < C, E
T (Ve e, I <t—s>gHFp L= (t =)l

17



For the second term in (33) we get
1y folt=s) o(t—s)
ITote-579 = lle, = 5 /0 T.Ag dUHFp < Comgl|Ag g,

Putting these estimates together we obtain (32). ]

If E is a vector space with norm || - ||z and 0 < a < 1, we denote by HO‘([O, 1] : E) the

space of all continuous F-valued paths w with finite Holder norm

ol e sup 12O =)
* st |t — sl

For 2 := C’([O, 1 : M} (]Rd)) and > 0 we also introduce an Orlicz space Lg, (Q  E, IPZ)
with respect to the Young function ®.(z) := (e* — 1)/k. It consists of all E-valued

measurable functions F' with finite Luxemburg norm

1Flla, = inf{ﬁ>0’Ei{<bH(‘|}g‘Eﬂ < 1}.

If £ =R with the Euklidean distance, we will just write H*[0, 1] and L, (£2, IP7) respec-
tively. Applying Lemma 13 to the function g := e[t — s|7%/2 . f, where f € F, is twice

continuously differentiable with cAf € F,, and ¢ is a suitable constant, we find that
(f, X) € HW([O, 1] L%(Q,IPZ)).

But Theorem 2 of [S1] now asserts that, for every a € (0,1/2), Hl/z([(), 1] : Lo, (9, ]PZ))
is continuously embedded into L, (Q : H*[0,1],IP7). Thus we have proved:

Corollary 14 Assume a € (0,1/2) and f € ¥, is twice continuously differentiable such
that cAf € Fy. Then the stochastic process ( f, X.) is IP}-a.s. Hdlder continuous with
exponent ce. Moreover there exists a constant 6 > 0 such that ]Eﬂexp ((5\(]‘, X}\a)} < 00.

8 Convergence of the finite dimensional marginals

In this section i denotes a fixed measure in/\/l;r(]Rd) having full support in IR¢. For any
natural number n and all 0 <t; < ty--- < t, < 00, we define

B o (X 0)] < oo

i=1

Dt1~~-tn = {(fl?afn) GFZ

The interior of Dy, ..;,, in F) will be denoted by Dy,...¢,. In the sequel we will be interested
in the convergence of the finite dimensional marginals of super-Brownian motion ]Pi as

510
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Proposition 15  For any (f1,..., f.) € F,

(34) lim IE lexp <Z fis X, > > ]Eg
1=1

510

o (B1053)]
=1
If additionally (f1, ..., fn) € Dtl...tn, then

(35) Ei[exp <;(fi,Xti>>] . Eglexp <Zj fi, X, )] (51 0).
The proof of this proposition is divided into several lemmas. Assertion (34) will be proved
in the sequel to Lemma 16, (35) follows from Lemma 18. F; will denote the cone of all

positive functions in F,,.

Lemma 16  Assume the functions f{,..., f} € ¥} satisfy f{ — [ in ¥, (6 | 0) and
sup f2(z) < const. If us is defined by us(r) = —log ]ng {exp ( — > (fP th>)], then
1,2,0

us € F; and
(36) us — ug i Fp, as d | 0.

Proof: us € F follows inductively from [DF], Lemma 2.3.

Now suppose n = 1. Then (36) is immediate from the upper and lower bounds of Theorem
9 together with (11). In the general case we proceed by induction. Applying the Markov
property yields

n+1 n—1 _

]Egz[eXp(_Z< z§7Xti>>] = Egz[exp(_z< z§7Xti>_<f37th>>]7
i=1 i=1

where fg(m) = fi(x) — loglEgm[eXp ( — (f,‘iH,thH_tn))} But f;f € F; and fg — fg

in F, have already been shown. Therefore the lemma is proved. (]

Proof of (34): We may conclude from Lemma 16 that the finite dimensional marginals
of IPi converge weakly to those of IP?L: Define the polish space F = {1, e ,n} x IR¢ and
the finite random measure Y on E by Y (dk,dz) = Y1, 6:;(dk) ¢p(x) X3, (dz). Dually, we
regard elements of (F, )" as continuous functions on E. Now we are in the situation of

Theorem 3.2.6 of [Da], which asserts the weak convergence.

Having established this, (34) follows by noting that the function

Qr— /exp ( fz, uz)) Q(dvy, ..., dv,)

is lower semicontinuous for the weak topology on the space of probability measures on

(M;;(]Rd))”. ]
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For any a > 0, we define M, := {f eF, ‘ max,pa f(z) < a}.
Lemma 17 Assume 0 < a < 1/t.

1. 1f f € My and Vy is given by (19), then Vif € Fy and [|Vifllg < || fllg, /(1 —ta).
2. For 1.9 € My, Vil = Viglly, < 117 ~ oll, /(1 1a)

3. Io)t = U M,. In particular, the topological boundary 0Dy of Dy is given by
0<a<1/t

oD, = {f € Fp’ irel%}gf(x) = l/t}.

4. Suppose (gn)nen is a sequence in F, satisfying ||g, — gHFp — 0 for some g € Dy.

Then also ||[Vign — Vigllg, — 0 (n T 00).

Proof: 1. If f(x) > 0, then 0 < Vif(z) < f(z)/(1 — at). On the other hand, f(z) <
Vif(z) <0, when f(z) < 0. This proves the first statement.

2. is implied by the identity V;f — Vig = (f —¢)/(1 —tf)(1 — tg).

3. Fora < 1/t, M, C ]ODt by 1. Now suppose f € ]ODt. Then we may find an € > 0 such
that oo > Eg{exp ((f + €¢p,Xt>)} = exp ((Vt(f + €¢p),,u>). Thus f +e¢, < 1/t p-a.e.,
and hence sup, (f(x) + z—:gbp(x)> < 1/t, since p has full support. But a function in F,

takes on its maximum when not f < 0. This shows that max, f(z) < 1/t.

4. g € M, for some a < 1/t by 3. Since convergence in F, implies uniform convergence,
gn € M, for some a < 1/t — ¢ and for all n > some ngy. The assertion now follows by

an application of 2. []

Lemma 18 Assume the functions f,..., f2 € F, satisfy || f? — inHFp — 0010, 1=
1,...,n) for some (f{), . ,fg) € Io)tl...tn. Then

n
1=

(12x0)] < e (S0 0)]

=1

[E——r
lgfgl E, [exp <
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Proof: Without restriction we may assume ¢; = 0. Then the assertion is trivial for n = 1.

In the general case we proceed by induction. To keep formulas short, we define r :=

tnt1 — tn. The Markov property, Theorem 9 and (10) yield

n—1

< 5o (UK + (72 X)),

i=1

E) leXp (%(ff,Xt))

i=1

where f0 = f0 4+ T5,V,fo., (0 <& < 1). Then the Markov property of IP), immediately
implies that (f2,..., f9 |, %) € Dy,...,. If we could show that

(37) PO = 04V, %, inF,asd |0,

then the assertion would follow by induction and an application of the Markov property.
To show (37), we will first prove that f_,, € D,. Indeed, by assumption, there exists an
€ > 0 such that

n+1

w0 > o (UL X + (20, X))

n

[exp 0 X0) + (Ve £ + a¢p),xtn>)1_

The set C' defined by C' := {x € R* ’ Vi(fo +edp)(z) = } therefore satisfies Xy, (C') =

0 IPz—a.s. Thus 0 = IEz [th(C)] = u(C), and f2, € DT follows as in the proof of the
third part of Lemma 17.

Now let us prove (37). In view of what we have just shown, part four of Lemma 17 implies
that V,f3,, — V,f%, = fo— f%in F, as § | 0. (37) now follows by (11). (]

9 Proof of the main results

9.1 Proof of Theorem 1:

By the general Cramér theorem (cf. e.g. [DZ], Theorem 6.1.3), at least a weak large
deviation principle must hold as € | 0. Here it is not a restriction that our parameter ¢ is
allowed to vary continuously: see [FK] and [FGK]. Thus it suffices to show exponential
tightness along each sequence (&,)new With €, | 0 (n T 00) (cf. [DZ], Lemma 1.2.18 (a)).
To this end, we will apply the criteria of [S1].
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As a first step, we define the functions

Unp(t2) = Eo|supl o (B)-6y(B)] (@R’ £20, R20),
s<t R

where Uy = {x € ]Rd‘ |z] < R}. By Lemma 7 and dominated convergence (g ,(0), u) |

0 as R T oo. Hence there exists a sequence (R,),en increasing to infinity such that

(tp, p(0), 1) < 1/n? and (1 + R?)7P/2 < 1/n? for all n. Then, for each L > 0, the set

(op <L [ oovian <L wem]

J n
Ug,

Ap = {1/ e M (RY)

is relatively compact in M;;(IRd) by Proposition 5. Applying the exponential Tschebychev

inequality, Proposition 12 and Lemma 7 we get

w/e

o {31&6[0,1] : ethAL}

o - o 2
< i suploy. X0 > L/e] + 3w [sup (w1, 0 ) 2 L]

n=1
1 L ad n? nL
< e (14 (plo), 1) = 50) + e (14 T wmaplo). i = 57
1 L L1/e efL/25
< exp (1 + (Yopl0), ) — g) +ett
Consequently,
- L
(38) T e, log PY ., [at €0,1] : en X, ngL] < 1V (Yopl0), 1) — -

But this is just condition (i) of Theorem 1 in [S1].

It follows from Corollary 14 that the distributions of €, ( f, X.) under IP} . on C[0,1] are
exponentially tight, provided f € F, is twice continuously differentiable and cAf € F,
— the argument is the same as in the proof of Theorem 3 in [S1]. Therefore condition

(ii) of Theorem 1 of [S1] is fulfilled and exponential tightness is proved, if we choose

(39) IF := {(f, ) ’ f € F, is twice continuously differentiable and cAf € Fp}.

Up to now, we have shown that a full large deviation principle holds with some good
rate function J (cf. [DZ], Lemma 1.2.18). According to Theorem 6.1.3 of [DZ], J
is given as Legendre transform involving the topological dual of C([O, 1] : M,(R%),
where M,(IR?) := M} (R?) — M} (IR?). To identify it with I, simply embed C([O, 1] :
M;(]Rd)) into the space M™ ([0, 1] x ]Rd) of all positive Radon measures on [0, 1] x IR? by
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setting (1, w) = /Olw(t), W) dt, for w € C([0,1] : MF(RY) and v € C,([0,1] x RY).
We endow M+([O, 1] x IRd) with the vague topology and may apply Theorem 6.1.3 of
[DZ] again, to find a large deviation principle with rate function I]. But the above em-
bedding is injective and thus J and I must coincide by the contraction principle and the
uniqueness of the rate function (cf. [DZ], Theorem 4.2.1 and Lemma 4.1.4, respectively).

This proves Theorem 1. []

9.2 Proof of Theorem 2:

We prove Theorem 2 for a sequence (¢, ),en, and we let §,, := ., . First we show exponen-
tial tightness in the space C' ([O, 1] M (]Rd)> endowed with the compact-open topology.
Then, automatically, any auxiliary large deviation principle considered during the proof
will be exponentially tight, too. Again we will use Theorem 1 of [S1]. That its condition
(i) is fulfilled can be seen exactly as in the proof of Theorem 1. Also the set IF will be

chosen like in (39). Then, if f € IF and v > 0 is small enough, Lemma 13 yields for large
n
E,

n/en [QXP (En\/ﬁK )

where Kk = 2exp (C’1< bp, VIV (V S, 1)) Exponential tightness now follows from Theo-
rem 3 of [S1].

frenXe) = (foenXo)|)| < 6o (s#£te(0,1]),

Now we formulate a general argument relying on Dawson’s and Gartner’s theorem for
projective systems and large deviations. We refer to [DZ], Section 4.6, for the notion of a

projective system.

Lemma 19  Assume (Y;,pij)i<jes is a projective system, E is a topological Hausdorff
space and (¢;);es s a family of mappings separating the points of E' such that q; : E — Y,
and ¢; =pi;oq; (1 < j € J). If (ltn)nen is an exponential tight family of Borel probability
measures on E, such that, for every j € J, (p, 0 qj_l)ne]N satisfies a large deviation prin-
ciple with speed (1/e,)nen and rate function I;, then (fi,)nen satisfies a large deviation

principle with speed (1/e,)new and good rate function I(x) = sup;c; I (q](x))

Proof: By our assumptions on the family (g;);es, £ may be continuously embedded
into the projective limit & = lim };. Furthermore note that each I; is a good rate
function on Y; by Lemma 1.2.18 (b) of [DZ]. By the Dawson-Gértner theorem (cf. [DZ],
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Theorem 4.6.1), (n)new satisfies in X" a large deviation principle with good rate function
(%) = supje s I (pj(:f)) (x € X), where p; denotes the canonical map p; : X — )
( € J). But exponential tightness in F implies I(Z) = oo whenever T € X — E. The
assertion now follows from Lemma 4.1.5 (b) and Corollary 4.2.6 of [DZ]. []

By the aid of this lemma, we may reduce our original problem to the large deviations
of the finite dimensional marginals. Indeed, choose J to be the set of all finite subsets
j C [0,1] partially ordered by inclusion, }; = (M*(Rd» E = C’([ 1] : M;(Rd))
and define ¢; by ¢;(w)(t) = w(t) (w € E,t € j € J). The next lemma shows which rate

function I; we should expect to govern the large deviations in ;.

Lemma 20 Suppose I;(V) is, for v € (M;;(]Rd))], given by

—

L(7) = sup (Z< o), ﬁ(t))-logmg[exp(z< (t),Xt>>D.

fe(Co(Rh)i \ tej tej

Then ID)(w) = supJEJI< (w )) for eachwGC([O 1] : M;(Rd)).

Proof: Apply the general Cramér theorem (Theorem 6.1.3 of [DZ]) to the distribution of
¢;(£X.) with respect to P}, (n € N, j € J). When M;(Rd) is endowed with the vague
topology, we get a large deviation principle with state space (M; (]Rd))j and rate function
I;, since exponential tightness holds by the proof of Theorem 1. Lemma 19 now yields a
large deviation principle in C’([O, 1] : M;(Rd)) with rate function sup;.; I; (qj (w)) But
the same large deviation principle follows from Theorem 1. Thus Ig = sup;e, I qj(w)),

since rate functions are unique (Lemma 4.1.4 of [DZ]). ]

k
The next step is to prove a large deviation principle for the (/\/l;r (]Rd)) -valued random
variables €, (Xy,, ..., Xy, ), where k € N and 0 <t} < --- <t <1 are fixed. For brevity,
k
define the functional Z on (Cc(]Rd)) by

Z(fi... f) = [exp(g fir X2 )} (fir- o fi € C(RY):

Now suppose that H is a finite dimensional subspace of C,(IR?) satisfying
(40) Z(f1,..., fr) = oo whenever (fi,...,fy) € H*NODy, 4,

where 0Dy, ..., denotes the topological boundary in F]; of the set Dy,..., defined in Section
8. Then it follows immediately from Lemma 6 and Proposition 15 that, for (fi,..., fx) €
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k
H* asn T oo,
k

(41) . 1og1[3;§;an[exp< (fi Xﬁ)} g Z(fr - o).

=1

Lemma 21  Under assumption (40), the convex function logZ : H*¥ — (—o0,00] is
lower semicontinuous and essentially smooth. I.e.

1. The set D := H* N Dy,..;, possesses nonempty interior D,

2. log Z is differentiable throughout Io),

o

3. log Z is steep, namely liTm IV 1og Z(f,)| = oo whenever (f,)new is a sequence in D

converging to a boundary point of D.

Proof: 1. is obvious and 2. is a standard application of Lebesgue’s dominated convergence

theorem. Lower semicontinuity follows from Fatou’s lemma. Together with assumption

—

(40) it implies limy 5, log Zx(f) = oo, which yields 3. ]
- PN\ . . . PR\
Every v = (v1,...,14) € (M; (R )) acts as continuous linear functional on (CC(]R ))
by
. k S k
(Fooy =3 vy (F= (g € (CamD)").
i=1

If H is any finite dimensional subspace of C,(IR%), denote by §;(7) the restriction of the
linear functional v/ € (/\/l; (IRd)>Ic to the vector space H*. Thus, formally, g, (7) is an
element of the dual Hj, of H*. Now let @,, denote the distribution of &,(X;,, ..., X;, ) with
respect to ]Pf[;en (n € IN). Then, by (41) and Lemma 21, the conditions of the Gértner-
Ellis theorem (Theorem 2.3.6 in [DZ]) are fulfilled for the measures (Q,°q,;"')nen, provided
H satisfies (40). Thus (Q, o ¢, )new satisfies in Hj, a large deviation principle with speed
(1/€n)nen and rate function sup s . (( f. ) —log Z(ﬁ) (v € Hj,). Now denote by H the
class of all finite dimensional subspaces of C,(IR?) satisfying (40). If H, H € H satisfy
H C H, let py, : H, — H}, denote the canonical restriction. Then (Hy, Di) fc prem
is a projective system and, provided IH is rich enough, Lemma 19 tells us that (Q,)nen
satisfies a large deviation principle with rate function

sup sup ((f_: 7y — log Z(ﬂ) (ﬁ € <M;(]Rd)>k>.

HeH fer

Thus it remains for us to show that

(42) U {(ﬁ ) ’ fe Hk} separates the points of (M;(Rd))k

HeH
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and that, for 7 € (M;(Rd))k

(43) sup  ((f ) = 1og Z(7) = sup sup ((f. )~ log Z(f)):
Fe(Co(RY))k HEH fe i
But let us first explain why even an arbitrary smooth function in C,(IR%) might not be

contained in |J H. To this end, it suffices to consider the case where £k = 1. By Lemma
HEH

17, a function f € C.(IR%) is in 0D, if and only if max, f(zr) = 1/t. The function
Vif then is singular on the set of maximal points of f. However, it may occur that
log Z(f) = (Vif, n) < oo. Only in the case where d = 1 and p is Lebesgue measure,
every continuously differentiable f € 9D, would satisfy Z(f) = oc.

Our idea to overcome this difficulty is to use suitable polygonal approximations in the
construction of the spaces H. Let us define, recursively in space dimension, a family Az
(v > 0) of operators acting on C.(IR?). If d = 1, we put for f € C.(IR)

fm) if 2 —n| <35
for some n € 2,
Fom)n+3 =2+ f(rn+2)(E—n—1) if]E-n-1<}
for some n € 247.

A f(z) =

For the definition of Afl/“ we rewrite x € R = RY x IR as « = (1, m9) with x; € R¢
and 2, € IR. Then let, for f € C,(IR*™), AL f(z) = A,lyﬁl(.’ﬂ?), where, for z € IR,
for (2) = (Aﬁf f(, z)) (1). Inductively one easily sees that A? is a linear operator mapping
C.(IRY) into itself. Moreover, for every f € C,(IRY),

(44) |Af — flloo — 0 as d | 0.

Lemma 22 Assume Hy is a finite dimensional subspace of C.(R?) and v > 0. Then
the vector space H := {Aif ‘ fe HO} satisfies (40).

Proof: Let us introduce the notation g¢,;(t) = g(z1,...,®i—1,t,Tit1,...,2q) (t € R),
where g is a function on R, = (z,...,24) € R? and i = 1,...,d. We will say that a
continuous function g : IR — (—o0, c0] with compact support satisfies condition (C,),
if, for all z € R? and i = 1,...,d, the function gz, 1s constant on intervals of the form
[v(n—1),7(n+3)] and convex on intervals of the form [y(n—2),v(n—1)], where n € 27Z.
Obviously, every function of the form Ag [ satisfies (C,).

If f1,..., fx satisfy (C,), then so does fi+V,f2 (t > 0) and hence, inductively, the function
v(z) = logIEy. [exp (Zfﬂ( fis Xﬁ)} Thus either v = oo on some d-dimensional cube
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having edges of length v and hence (v, u) = 0o, or maxv(x) < co. But in the latter case

zeR?
we can find a constant € > 0, such that max, IEJ [exp ( SE L fi+edy, Xt))} < 00. This
implies Z(f1 + ¢y, ..., fr + €¢,) < 00, and hence the assertion is proved. ]

Lemma 22 and (44) show that | H is dense in C,(IR?) with respect to the sup-norm.
HEH
This immediately implies (42) and (43).

Now Theorem 2 is proved. []

9.3 Proof of Theorem 4:

Lemma 23 Forv, n e M;(]Rd) denote by dv/dn the Radon-Nikodym derivative of v
with respect to n in the extended sense of the Lebesque decomposition. Let K(v |n) be
given by

dv 2 dv _

/( ——1) d?7+y<—:oo) if supp v C supp 7,

(45) K(v|n) = dn dn
00 else.

Then, for every p € M} (IR?) and each w € C’([O, 1] : M;(IR%),

(46) I7(w) = sup " !

O=to<t1<--<tn<l i3 ti —ti—1

K (w(ts) | w(ti1)).

Proof: In view of Lemma 19, it suffices to show that

(47)  sup <Z<fz; Vi) — loglEﬁ{eXp <i<fi7 X;) )D i

Forrens frnEC(RY) =0 iz 1tz+1 ti

Vz | Vi—l)

whenever 0 =ty < t; < -+- < t,, Vl,...,VHEM;(IRd) and vy = p.

This is trivial for n = 0. To prove the general case, we proceed by induction. The left
hand side of (47) equals

sup (i fis vi) log]Eﬁ[exp(jZ: fir Xeo) + (Vi—tun f X >>D

fosees fn€Ce(IRY) \ §=0

n—1
1
= Y Kwlue)+ s ()= (Ve fove).
o1 i — 1 FEC(RY)

It is easy to calculate the Legendre transform of a —— V;, _;

sup (aﬂ - th_tn1a> = L(\ﬁ - 1)2 (8>0).

aclR tn - tn—l
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A d-dimensional version of the main result in [LS] implies

(48) s, <<f, ) — (Vi o f. Vn_1>) _

feC (IR

1

— K Vp | Vn—1)-
tn_tn—l ( | 1)

This proves the Lemma. A different proof of (48) has been given in Theorem 1.5.4 of

[FK]. ]

It is not difficult to show that K (v | n) coincides with twice the square of the Kakutani-
Hellinger distance. Hence the first part of Theorem 4 is proved. It remains to identify

the Kakutani-Hellinger energy.
Lemma 24 (i) If A and A" are dyadic partitions and A C A, then Ex < Enr.
(i1) If E(w) < oo, then t — w(t) is continuous with respect to the Kakutani-Hellinger

distance d and £(w) = {EA(w) ‘ A is a dyadic partition }

Proof: Observe that by Young’s inequality d(w(t),w(r))? < 2(d(w(t), w(s))*+d(w(s), w(r))2>
for 0 <r <s<t<1. Setting s:= (t—1r)/2 we thus get
d(w(t),w(r))’ 3 d(w(t),w(s))  d(w(s),w(r)?

_|_
t—r - t—s s—r

This implies (i).

The first assertion of (ii) follows immediately from d(w(t),w(s))? < E(w) - |t — s|. Now
choose a partition A such that £(w) < Ea(w)+¢/2. By continuity there exists a partition
A’ consisting of dyadic rationals such that |Ea/(w) — Ea(w)| < /2. If A” now is any
dyadic partition containing A’, it follows from the above that Ea/(w) < Ear(w). Hence
E(w) < Ean(w) + €, and the lemma is proved. ]

Define for w € C([O, 1] : M;(]Rd)) and positive f € C.(IR?) the C([O, 1] : M*(IRd))_
valued path w; by dws(t) == fdw(t) (0 < ¢t < 1). Now let (g) denote a partition

n

of unity, and set f, :== > gr. Then, for any A and each n, Ea(wy,) = Sp_; Ealwy,)
k=1
and Ea(w) = Y02, €a(wy,). Hence Lemma 24 and monotone integration (applied to

> k) imply that E(wy,) = >0 E(wy,) and E(w) = 3202, E(wy, ) = lim,, £(wy,, ). Since also
1 1

/0 |t /do®)] ., dt = 1im /0 dio, (O/doos, (D) o,

to the case where w € C([O, 1] : M+(1Rd)) in order to prove Theorem 4.

) dt, we can restrict ourselves

dt. To

1 /1
First we will prove that £(w) implies w € H and that £(w) = 3 /
0 L2(w(t))

doft)
w(t)

this end fix w € C([O, 1] : M*(IRd)) such that £(w) < 0.

28



Lemma 25 (i) The mapping t — w(t) is continuous in variation.

(ii) There exists n € M*(IR?) such that w(t) < n for all t € [0,1].

Proof: By making use of sup, ||w(t)||var < 00, (i) follows from Lemma 24 (ii) as in Propo-
sition 4.4 in Chapter V of [JS].

1

To prove (ii), let n = / w(t)dt. Then n(A) = 0 implies w(t)(A) = 0 for almost every t.
0

But ¢ — w(t)(A) is continuous by (i), and hence w(t)(A) = 0 for all ¢. ]

Now fix n as above and let ¢; = y/dw(t)/dn. With || - ||, we will denote the norm in
Lr(n) = LP(R", n).

Lemma 26 )

dt < &(w).

2

11
lim

1 Pe+h — Pt
2 0o h—O0

Proof: For 0 < s <t <1 define J(s,t) by J(s,t) = 5(w(s A - \/t)). Then t — J(0,1)
is increasing and hence differentiable almost everywhere. Moreover, the derivative J'(t)
satisfies 0 < J'(t) for almost every ¢ and [y J'(t)dt < J(0,1). See e.g. [N], Chapter VIII,
§2, Satz 4 and Satz 5. It follows easily from Lemma 24 that J(r,t) = J(r,s) + J(s,t)

whenever 0 < r < s <t < 1. Hence, for almost every t,

2

= || Pr+n — Pt 1 /
- - < — —
}ILIII(l) , }ILIII(l) hJ(t, t+h) J'(t),
and the Lemma is proved.

Lemma 27 The mapping t — o; € L%*(n) is weakly absolutely continuous and almost

everywhere weakly differentiable with derivative @; € L*(n). In particular
L/t
(49) > | Igd3dt < £w).
Proof: Fix h € L*(n) with ||h||s = 1. Then /(g@t — @5)*dn > /h((pt — s) dn, and thus
L (3(t) — T(ti) )
(50) 00 > Ew)>2 sup Y- SR (s — i),
0<to<-<tn <11 li—tia

where Z(t) = /hgpt dn (0 <t <1). But the right hand side of (50) would be infinite if T

were not absolutely continuous: see [DZ], p. 156.
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Now Lemma 26 implies that, for almost every ¢, (¢, — ;) /h is weakly sequentially com-
pact in L?(n). But there can be at most one limit point by the weak absolute continuity.
This implies weak differentiability. Equation (49) finally follows from Lemma 26 and the

weak lower semicontinuity of the norm. []

Lemma 28 The mapping t — @y € L*(n) is strongly differentiable almost everywhere,
¢ is Bochner integrable, and it holds that

t
(51) o = goo—l—/o s ds (0<t<1).
Moreover -

(52) > [ It = £).

Proof: In view of Lemmata 26 and 27 the first part of the assertion and (51) are a
consequence of Theorem 3.8.6 and Corollary 2 to Theorem 3.8.5 in [HP]. For (52) it

remains to show the opposite inequality to (49). But

n

o) = oy 3 (lememle)

0<to<-<tn<l iy ti —tia

t; . 2
n i o|l2 ds
< sup Z <L11 ||90 ||2 ) (tz . tl',l),

T 0<to<<tn<l iy ti —ti—1

which equals the left hand side of (52) (cf. [DZ], p. 156). ]

Lemma 29 The mapping t — @? € LY(n) is strongly differentiable almost everywhere,

t
the derivative 2, - ¢, is Bochner integrable and it holds that ¢ = i + 2/ Pspsds
0
(0<t<1).

Proof: By the argument in the first part of the proof of Lemma 28 we only have to show

an analogue to Lemma 27 for ¢? in L'(n).

Suppose f € L>(n). Then, with C' := max lo(®)]]2,

t
[ tetan— [ ftdn < 2CIflw- o= wulle < 201 I [ lipulle du

Therefore t — ? is indeed weakly absolutely continuous. It is now easy to see that ¢?

possesses a weak derivative that satisfies

Lid L 1 ) Lo\
[ 1aar =2 [ hewgduae < 2o [legar: [ hedgar) < .
0o dt 1 0 0 0
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Now, for almost every ¢, we can define a finite signed measure w(t) by dw(t) = 2¢sp; dn.

Then w(t) < w(t) by definition and /(dw(t)/dw(t))zdw(t) = 4/gbt2 dn. Lemma 29

t
assures that w(t) = w(0) +/ w(s)ds. Thus w € H and
0

di(t)

m dt.

L2 (w(t))

It remains to show that w € H implies £(w) < o0.

Lemma 30 [fw € HN C([O, 1] : M+(]Rd)) then t — w(t) is continuous in variation
1

and/ 16 (8) e dt < 0.
0

Proof: For 0 < s<t<1

dew (u)

Hw(t)_w(S)Hvar < / HW Hvardu = du
(U) LY (w(u)
d
S sup |w ||var d U) du
0<r<1 U) L2(w(u))
[]
It follows easily from the next Lemma that &(w / Hdw )/dw(t L2 dt < o0,

whenever w € H.

(t)

Lemma 31 Suppose w € H. Then d(w(t),w(s)) < 7

L2 (w(t))

Proof: Again we can restrict ourselves to the case where w € C' ([O, 1]: M +(]Rd)). Define
n by n = [y w(t)dt and conclude that w(t) < n for all ¢ as in the proof of Lemma 25.
Observe that ¢, := dw(t)/dn satisfies ||||1 = ||&()]]var for almost every t. Thus it follows
from Lemma 30 that ¢ — 1), € L'(n) is Bochner integrable and that

do(t) dw(s)
e _/S¢udu 0<s<t<1).

Now define functions f, and f/ on [0, 00) by f/(z) = (1/22/?)An and f,(z) = [T £ (y) dy
(n=1,2,...). If A ={to,...,t,} is any dyadic partition of [s,t], we conclude from the
mean value theorem that

fn<dc;§])) fn( ()) _ ifé(aidw(ti)+(1_ai>w) “




where the a;’s are functions from IR? to [0,1]. Tt is easy to see that g2(u) converges
boundedly to f! <dw(u) /dn) as A becomes finer, and thus g2 (u)y, — f! (dw(u) / dn)wu

1 1

in L'(n) for almost every u. Furthermore / g5 (E)ahy]|1 dt < n/ l1e]|1 dt for all A.
0 0

From dominated convergence for Bochner integrals (Theorem 3.7.9 in [HP]) we therefore

conclude that

B () a5 - [ ()

But f, (dw(u)/dn) also lies in L?*(n) and
L|1dw(t)

on [ f;(d‘;ff))wt (d‘;f))/zb .

Therefore (53) also holds in L?(n). Finally, Fatou’s Lemma and (54) imply that

()0 (5, =

dt < oo.

2 L2(w(t))

V2 d(w(t), w(s)) < lim d‘”

nfoo

du.
L2(w(u))

[]
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