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Abstract: We derive criteria for exponential tightness in the space C[0, 1] and in the

Skorohod space D
(
[0, 1] : E

)
, where E is a completely regular topological space. In the

latter case we prove an ”exponentially fast” version of Jakubowski’s criterion, which enables

one to reduce the problem to the exponential tightness of real valued stochastic processes.

To deal with the space C[0, 1], we prove an embedding theorem between certain Hölder

and Orlicz spaces in the spirit of Kolmogorov’s criterion. As an application, we derive a

Schilder-type result for the (measure-valued) Feller branching diffusion.

1. Introduction and statement of results

One of the crucial notions in the theory of large deviations is the concept of exponen-

tial tightness. It allows one, for example, to pass from a weak large deviation principle

to a strong one or to refine the underlying topology of a given large deviation principle.

The purpose of this paper is to give criteria for the exponential tightness of a sequence

X1
· , X2

· , . . . of stochastic processes, taking their values in some completely regular topo-

logical space E.

We shall assume that for each natural number n ∈ IN the process Xn
· induces a

measurable mapping from some given probability space (Ω,F , P ) into the Skorohod space
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D
(
[0, 1] : E

)
, endowed with the Skorohod topology and its Borel field (cf.[6]). Note that

this mapping is always measurable, if the process Xn
· is right continous with left limits

and the space E is at least separable and metrizable.

Let (an) denote some sequence of positive real numbers, increasing to infinity. We

will say that the sequence (Xn
· ) is exponentially tight in D

(
[0, 1] : E

)
with speed (an), if

for each L > 0 we can find a compact K ⊂ D
(
[0, 1] : E

)
such that

lim
n↑∞

1

an
log P

[
Xn

· 6∈ K
]
≤ −L.

To establish exponential tightness, we will adopt ideas which were developed to prove

weak convergence of probability distributions on path spaces. In this case it turns out to be

convenient to work with two different types of criteria. The first one reduces the problem to

the tightness of a family of real valued processes plus some compact containment condition.

The second criterion then applies to the one dimensional case. Here, usually, one has to

estimate the modulus of continuity or the Hölder norm of the sample paths. Now we

formulate an ”exponentially fast” version of Jakubowski’s tightness criterion:

Theorem 1

Let E be a completely regular topological space with metrizable compacts. Then the sequence

(Xn
· ) is exponentially tight in D

(
[0, 1] : E

)
with speed (an), if and only if the following two

conditions are fulfilled:

(i) For every M > 0 there exists a compact AM ⊂ E, such that

lim
n↑∞

1

an
log P

[
∃ t : Xn

t 6∈ AM

]
≤ −M.

(ii) There exists an additive family IF ⊂ C(E), separating the points of E, such that for

each f ∈ IF the sequence
(
f(Xn

· )
)

is exponentially tight in D
(
[0, 1] : IR

)
with speed (an).

Remarks

1. The space C
(
[0, 1] : E

)
of continous paths, endowed with the usual compact open

topology, is a closed topological subspace of D
(
[0, 1] : E

)
(cf.[6], Proposition 1.6 (i)).

This shows that the above criterion holds in C
(
[0, 1] : E

)
as well.

2. The assumption IF ⊂ C(E) may be weakened. It suffices to assume that the restriction

of each f ∈ IF on each set AM is continous.
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3. The event
{
∃ t : Xt 6∈ A

}
is Borel measurable if A ⊂ E is closed (cf.[6], Proposition

1.6 (v)).

In our treatment of the one dimensional situation we will focus on the case of contin-

uous processes.

For some α > 0 and any w ∈ C[0, 1] := C
(
[0, 1] : IR

)
let

|w|α = sup
s6=t

|w(t) − w(s)|
|t − s|α

denote the Hölder norm of w with exponent α. The Hölder space Hα[0, 1] consists of all

paths w with finite Hölder norm. More generally, for any Banach space E, we can define

the space Hα
(
[0, 1] : E

)
of E-valued Hölder continuous paths.

In his well known criterion, Kolmogorov uses a moment condition to establish Hölder

continuity of the sample paths of a stochastic process. Here we are going to give conditions,

which guarantee that the Hölder norm of the sample paths even possesses exponential

moments. To this end we will use the following generalization of the classical Lp-spaces:

For κ > 0, let Φκ denote the function

Φκ(x) =
1

κ

(
ex − 1

)
(x ≥ 0).

The Luxemburg norm of a measurable function f on Ω with respect to Φκ then is given

by

‖f‖Φκ
= inf

{
β > 0

∣∣∣∣
∫

Φκ

( |f |
β

)
dP ≤ 1

}
.

Note that, if we replace Φκ by the mapping x 7→ xp, we would get the classical Lp-norm

‖f‖p. The space LΦκ
(Ω, P ) of all measurable functions on Ω with finite Luxemburg norm

is usually called the Orlicz space with respect to Φκ. Here too, we can analogously define

Orlicz spaces LΦκ

(
Ω : E, P

)
of mappings taking their values in some Banach space E. Our

next result is the following embedding theorem which might be of independent interest:
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Theorem 2

Let κ ≥ 1, 0 < α′ < α and let ||| · |||κ,α denote the norm in Hα
(
[0, 1] : LΦκ

(Ω, P )
)
. Then

every process X ∈ Hα
(
[0, 1] : LΦκ

(Ω, P )
)

possesses a unique modification X̃ ∈ LΦκ

(
Ω :

Hα′

[0, 1], P
)
, satisfying

∥∥ |X̃·|α′

∥∥
Φκ

≤ c · |||X|||κ,α ,

for some constant c, i.e., we have the continuous embedding

Hα
(
[0, 1] : LΦκ

(Ω, P )
)

↪→ LΦκ

(
Ω : Hα′

[0, 1], P
)
.

Moreover, the constant c may be choosen in such a way that it only depends on α and α′:

c =
(1 + p0!) · 2α′+1

1 − 2−p−1

0
((α−α′)p0−1)

with p0 :=
[ 1

α − α′

]
+ 1

and with [ · ] denoting integer part.

Remarks:

1. Important ideas in the proof of Theorem 2 are taken from [3].

2. Theorem 2 extends to stochastic processes taking values in some Banach space or to

continuous random fields with parameter space [0, 1]d. In the latter case one gets a

slightly different embedding constant:

c =
d · (1 + p0!) · 2α′+1

1 − 2−p−1

0
((α−α′)p0−1)

with p0 :=
[ d

α − α′

]
+ 1.

3. The classical Kolmogorov criterion can be stated in the same fashion as Theorem 2.

In fact, inspecting the proof of Theorem 2.1 in [8], p. 25, one finds that

Hα+1/p
(
[0, 1] : Lp(Ω, P )

)
↪→ Lp

(
Ω : Hα′

[0, 1], P
)
,

for all p ≥ 1 and 0 < α′ < α.

As a corollary to Theorem 2 we get the following criterion for exponential tightness

with respect to the compact-open topology in C[0, 1].
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Theorem 3

The sequence (Xn
· ) of real valued stochastic processes is exponentially tight in C[0, 1] with

speed (an), if there are positive constants α, γ and κ such that, for all s, t ∈ [0, 1], s 6= t,

we have

E

[
exp

( γan

|t − s|α |X
n
t − Xn

s |
)]

≤ κan ∀n ≥ some n0,

and, additionally,

lim
R↑∞

lim
n↑∞

1

an
log P

[
|Xn

0 | > R
]

= −∞.

In a forthcoming paper, [10], our results will be used to derive large deviation prin-

ciples for the sample paths of rescaled super-Brownian motion. In order to illustrate the

application of the Theorems 1 and 3, we will use them in the next two examples to give a

simple proof of exponential tightness in Schilder’s theorem and to state a large deviation

principle for small perturbations of the (infinite dimensional) Feller branching diffusion.

Example 1 (Schilder’s theorem)

Let (Bt) denote a Brownian motion with P
[
B0 = 0

]
= 1. Schilder’s theorem states that

the sequence

Bn
t =

1√
n

Bt (0 ≤ t ≤ 1, n = 1, 2, . . .)

of rescaled Brownian motions satisfies a large deviation principle in C[0, 1] (cf. [2]). We

show exponential tightness with speed an = n (n = 1, 2, . . .). For each β > 0 we have

E
[
exp

(
β|Bn

t − Bn
s |

)]
≤ E

[
exp

( β√
n

(Bt − Bs)
)

+ exp
( β√

n
(Bs − Bt)

)]

= 2 · exp
(β2

n
|t − s|

)
.

Thus we get the following estimate

E

[
exp

( n√
|t − s|

|Bn
t − Bn

s |
)]

≤ 2en ≤ (2e)n.

Choosing α = 1/2, γ = 1 and κ = 2e, Theorem 3 implies exponential tightness. Analo-

gously, one can prove exponential tightness in Schilder’s theorem for the Brownian sheet.
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Example 2 (Feller’s diffusion)

The measure-valued Feller branching process is a diffusion taking values in M(IRd), the

space of positive finite Borel measures on IRd. It may be characterized by its Laplace

functionals:

(1) E
[
exp

(
〈f, Xt〉

) ∣∣∣ Xo = µ
]

= exp
(
〈Vtf, µ〉

)
,

where f ∈ Bb(IR
d), the space of bounded and measurable functions on IRd, and

(2) Vtf(x) =





f(x)

1 − ρtf(x)
if f(x) < 1/ρt

∞ else

for some fixed constant ρ > 0. As usual, we set 〈f, ν〉 :=
∫

f dν. Hence, this measure

valued diffusion is the special case of a superprocess witout spatial motion, see [1].

Now let Xn
t (0 ≤ t ≤ 1) denote such a process with Xn

0 = µ ∈ M(IRd) a.s. and

ρ replaced by ρ/n in (2) (n = 1, 2, . . .). In the sequel we will show that the sequence

(Xn
· ) satisfies a large deviation principle with speed an = n in C

(
[0, 1] : M(IRd)

)
. The

corresponding rate function is given by

I(ω) = sup

( ∫ 1

0

〈φ(t, ·), ω(t)〉 dt− log E
[
exp

( ∫ 1

0

〈φ(t, ·), Xt〉 dt
) ∣∣∣ X0 = µ

])
,

where ω ∈ C
(
[0, 1] : M(IRd)

)
and the supremum is taken over all continuous functions φ

on [0, 1] × IRd with compact support. However, it turns out that we can choose the weak

topology for M(IRd) only if µ has bounded support. Otherwise we endow M(IRd) with the

vague topology. In both cases, I is a good rate function.

This large deviation principle has independently been studied in [4], but the authors

only used a weak topology on the underlying path space.

As a corollary, we find a large deviation principle for the total mass process Y n
t :=

〈1, Xn
t 〉 (0 ≤ t ≤ 1), wich is known to be a solution of the stochastic differential equation

(3) dY n
t =

√
2ρ

n
Y n

t dBt Y n
0 = 〈1, µ〉

(cf. [1]). The corresponding rate function is given by

J(x) =





1

ρ

1∫

0

( d

dt

√
x(t)

)2

dt if
√

x(·) − 1 ∈ H,

∞ else,
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where H denotes the Cameron-Martin space (see [4] or [9]). Note that the diffusion co-

efficient σ(x) =
√

2ρx in (3) is too singular to get this result as a special case of the

Freidlin-Wentzell theory.

Let us now turn to the proof of our assertions. As can be seen easily from (1) and

(2), our large deviation principle may be taken as an infinite dimensional case of Cramér’s

theorem. Hence, by Theorem 6.1.3 in [2], at least a weak large deviation principle must

hold. Thus, it suffices to show exponential tightness (cf. [2], Lemma 1.2.18). To this end,

choose g ∈ Bb(IR
d) and some s, t ∈ [0, 1], s 6= t. Using (1), (2) and the Markov property

of the process (Xt), we observe that

E
[
exp

(∣∣〈g, Xt〉 − 〈g, Xs〉
∣∣
) ∣∣∣ X0 = µ

]

≤ E
[
exp

(
〈g, Xt〉 − 〈g, Xs〉

)
+ exp

(
〈g, Xs〉 − 〈g, Xt〉

) ∣∣∣ X0 = µ
]

≤ 2 exp
〈 |t − s|ρg2

1 − |t − s| · ρ · |g| − |t − s|ρ2g2
, µ

〉
,

provided g is small enough. Applying this estimate to the function

g(x) = γn|t − s|−1/2f(x),

where f ∈ Bb(IR
d) is fixed and γ > 0 is a suitable constant, we finally get

E
[
exp

( γn

|t − s|1/2
|〈f, Xn

t 〉 − 〈f, Xn
s 〉|

)]
≤ κn

(
s, t ∈ [0, 1], n = 1, 2, . . .

)
,

with

κ = 2 · exp
〈 ρ(γf)2

1 − ργ|f | − (ργf)2
, µ

〉
.

Therefore, by Theorem 2, the sequence 〈f, Xn
· 〉 (n = 1, 2 . . .) is exponentially tight in

C[0, 1] and condition (ii) of Theorem 1 is fulfilled, if we choose

IF =
{
〈f, ·〉

∣∣∣ f ∈ Cb(IR
d)

}
.

In order to see that condition (i) is satisfied for the vague topology, apply the ”only if”

part of Theorem 1 with E = [0,∞) to the total mass processes Y n
· = 〈1, Xn

· 〉 and recall

that subsets of M(IRd) with bounded total mass are relatively compact w.r.t. the vague

topology.
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Now suppose the support A of µ is a bounded subset of IRd. Then we claim that our

process is supported by those measures wich do not charge Ac, the complement of A. To

this end, observe that

E
[
Xt(A

c)
∣∣∣X0 = µ

]
= µ(Ac) = 0 (t ≥ 0)

and hence Xt(A
c) = 0 a.s. for all t ≥ 0. But, by Theorem 2, the process 〈f, X·〉 is Hölder

continuous for each parameter α ∈ (0, 1/2) and every f ∈ Bb(IR
d) — as we have already

shown. Hence Xt(A
c) = 0 for all t ≥ 0 a.s. Thus we can restrict our large deviation

principle to the state space M(A), where the vague and the weak topologies coincide.

Now suppose A is unbounded. Using ideas of [7], it is not difficult to show that the

large deviations of the random measures Xn
1 are governed by the rate function

J(ν) =





∫ (√
dν

dµ
− 1

)2

dµ + ν
(dν

dµ
= ∞

)
if supp ν ⊂ A,

∞ else

(
ν ∈ M(IRd)

)
.

See [4] or [8] for details. But the rate function J obviously does not have compact level

sets w.r.t. the weak topology. Using the contraction principle, we finally conclude that

the sequence Xn
· (n = 1, 2, . . .) cannot be exponentially tight in C

(
[0, 1] : M(IRd)

)
when

M(IRd) is furnished with the weak topology, and hence condition (i) of Theorem 1 must

be violated.

2. Proofs

Proof of Theorem 1:

We prove Theorem 1 along the lines of [6].

The necessity of the two conditions can be shown as in the case of ordinary tightness.

To prove sufficiency, we note first that, by Lemma 3.2 in [6], the family IF may be

assumed to be countable:

IF =
{
f1, f2, . . .

}
.

Now, for each k ∈ IN and every R > 0, there exists, by assumption, a compact C̃k
R ⊂ D[0, 1]

with

lim
n↑∞

1

an
log P

[
fk(Xn

· ) /∈ C̃k
R

]
≤ −R − 1.
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Hence there is some n0 ∈ IN such that, for all n ≥ n0,

P
[
fk(Xn

· ) /∈ C̃k
R

]
≤ e−Ran .

Since D[0, 1] is polish, the set C̃k
R may be enlarged to a compact Ck

R, satisfying

P
[
fk(Xn

· ) /∈ Ck
R

]
≤ e−Ran ∀n ∈ IN.

Now let L > 1 be given. We define

KL =

{
w ∈ D

(
[0, 1] : E

) ∣∣∣∣ w(t) ∈ AL ∀ t, fk

(
w(·)

)
∈ Ck

kL ∀ k ∈ IN

}
.

In [6] it is shown that KL is a compact subset of D
(
[0, 1] : E

)
. So, to establish exponential

tightness, it suffices to observe that

lim
n↑∞

1

an
log P

[
Xn

· /∈ KL

]
≤ (−L) ∨

(
lim
n↑∞

1

an
log

∞∑

k=1

P
[
fk(Xn

· ) /∈ Ck
kL

])

≤ (−L) ∨
(

lim
n↑∞

1

an
log

∞∑

k=1

e−kLan

)

≤ −L.

Proof of Theorem 2:

Let H := |||X|||κ,α. Then

‖Xt − Xs‖Φκ
≤ H · |t − s|α.

Since Φκ(x) ≥ xp/(κp!) (x ≥ 0, p ∈ IN), we get

‖ · ‖Φκ
≥ 1

p
√

κp!
‖ · ‖p

with ‖ · ‖p denoting the usual Lp-norm. Hence

E
[
|Xt − Xs|p

]
≤ p!κHp|t − s|pα.

Now we follow [3]. For p ≥ p0, a version of the classical Kolmogorov criterion implies the

existence of a continous modification X̃, satisfying

E
[
|X̃·|pα′

]
≤ p!κ(c̃H)p
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with

c̃ =
2α′+1

1 − 2−p−1

0
((α−α′)p0−1)

.

(cf. Theorem 2.1 in [8], p. 25 and its proof). In the case p < p0 Jensen’s inequality yields

E
[
|X̃·|pα′

]
≤ E

[
|X̃·|p0

α′

] p

p0 ≤
(
p0!κ

) p

p0 (c̃H)p ≤ p0! κc̃pHp.

By summing up, we get for any β > 0

E

[
Φκ

( |X̃·|α′

β

)]
≤ p0!

p0−1∑

n=1

1

n!

( c̃H

β

)n

+
∞∑

n=p0

( c̃H

β

)n

≤ p0!
c̃H

β − c̃H
.

Now the right hand side is less than one, if

β ≥ (p0! + 1) · c̃ · H.

So, by definition of the Luxemburg norm, we conclude that

∥∥|X̃·|α′

∥∥
Φκ

≤ (p0! + 1) · c̃ · H

and Theorem 2 is proved.

Proof of Theorem 3:

Our assumption implies

E

[
Φκan

( γan

|t − s|α |X
n
t − Xn

s |
)]

≤ 1

and hence
∣∣∣∣∣∣Xn

∣∣∣∣∣∣
κan ,α

≤ 1

γan
.

Now, for any α′ < α, we can apply Theorem 2 to get a constant c such that

∥∥ |Xn
· |α′

∥∥
Φκan

≤ c

an
.
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Note that c can be chosen independently of n. Consequently,

1

an
log P

[
|Xn

· |α′ > L
]
≤ 1

an
log

(
e−

Lan
c E

[
exp

(an|Xn
· |α′

c

)])

≤ 1

an
log

(
e−

Lan
c (κan + 1)

)

≤ −L

c
+ log(κ + 1).

This estimate yields the desired exponential tightness, since the set

{
w

∣∣ |w|α′ ≤ L, |w(0)| ≤ R
}

is a compact subset of C[0, 1].
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