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Abstract: A moderate deviation principle and a Strassen type law of the iterated log-
arithm for the small-time propagation of super-Brownian motion are derived. Moderate
deviation estimates which are uniform with respect to the starting point are developed
in order to prove the law of the iterated logarithm. Our method also yields a functional

central limit theorem.

1. Introduction

Let MT(R?) denote the space of positive finite measures on R? and endow it with
the usual weak topology. Then super-Brownian motion X is an M*(R?)-valued diffusion.
The law P, of this process starting from p € M™* (R?) can be characterized as usual by
the Laplace functionals of its transition probabilities:

(1.1) E, | exp(—(f, X1))| = exp(~(u(t), )

where t > 0, f is a non-negative function in Cy,(R?), the space of bounded and continuous
functions on R%, (g,v) denotes the integral of a function g with respect to some measure
v, and u is the unique positive mild solution of the reaction-diffusion equation

0

(1.2) &“(t’w) - %A“(W) — u(t, z)?

The goal of this paper is to derive a moderate deviation principle and a local law of the
iterated logarithm of Strassen type for super-Brownian motion. Therefore it is necessary
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to center the process. It follows from (1.1) and (1.2) that E, [(f, X;)] = (f, uP%), where
Py(z,dy) = (27t)%¥? exp(—|z — y|?/2t) dy is the Brownian transition semigroup. The cen-
tered process is thus given by

(1.3) X=X, — XoP, (t>0).

It takes values in the set M (R?) of finite signed measures. This space will be endowed
with the coarsest topology such that the mappings p — (f, ) are continuous for each
f € BL(RY), the space of bounded Lipschitz functions on R?. Note that, in contrast
to the convex cone MT(R?), the topological space M(R?) is not metrizable; see Dudley
(1966). The set C([0,1]; M(R?)) of all continuous M (R?)-valued paths will be endowed
with the compact open topology. When M (R?) is equipped with the variation norm,
it becomes a (non-separable) Banach space, and one can define Bochner integrals. For
p € MT(R?), we define H,, to be the set of all w € C([0,1]; M (R?)) of the form

w(t):/o o(s)ds (£ > 0),

for some Bochner integrable mapping w : [0, 1] — M (R%) with w(t) < u, for almost every
t. Then we define the Gaussian rate function

2

dt if we H,,

(1.4) I, (w) = i/o Hdti)—/(f)‘ L2(p)

otherwise.

Theorem 1.1:  Suppose 3 : (0,1] — (0,1] is a function such that B(a) \, 0 as « | 0.
Then the distributions of the processes )?ta,,@(a) = ﬁ(a)*l)?a/g(a)zt (0 <t <1) satisfy a
large deviation principle on C’([O, 1]; M(]Rd)) with scale o and good rate function I,,. ILe.,
if U C C([0,1]; M(R?)) is open, then

limalogP, [X*P(®) € U] > — inf I,(w);
al0 welU

if AC C([0,1); M(R?)) is closed, then

%alogl?u [Xo"ﬁ(o‘) € A] < _52,5[“(”);

the level sets {1, < c} are compact, for each ¢ > 0.



Due to the condition ‘B(a) N\, 0 as a | 0’, Theorem 1.1 describes the moderate
deviations from the ‘law of large numbers’ X; — p as t | 0 P,-almost surely. The corre-
sponding large deviations, i.e. the case § = 1, are treated as Corollary 3 of Schied (1996).
In this case one gets a non-Gaussian rate function, namely the energy with respect to
the Kakutani-Hellinger metric. Note that in our Theorem 1.1 the state space M (R?) is
topologized in such a way that v +— v(R?) is a continuous mapping, whereas in the case
B = 1 only integration with respect to a continuous function f can only be continuous
if f satisfies the decay condition sup, |f(z)|(1 + |z|P) < oo, for some fixed p > d; see
Schied (1996). Therefore our moderate deviation principle does not extend automatically
to super-Brownian motion with infinite initial measure . To handle the latter case one
can topologize the space of all signed Radon measures by testing with Lipschitz functions
having compact support in R?. Then slight modifications of our proofs below show that
all main results of our paper have counterparts in this setting. Other results on sample
path large deviations for super-Brownian motion can be found, for instance, in Deuschel
and Wang (1993), Fleischmann et al. (1996), Schied (1996), and, for Le Gall’s Brownian
Snake process, in Serlet (1997).

Now let A denote the set of all closed subsets of C([0,1]; M(R%)). The Hausdorff
topology on A is generated by the semi-metrics

p;i(A,B) :=supd;(xz,B) V supd;(y,A) (jeJ; A, Be A),
T€EA yeDB

if {d;|j € J} is a filtering family of semi-distances on C([0,1]; M (R%)); see Castaing and
Valadier (1977), Chapter II, § 2. For j1/e, define an A-valued random variable A; as

closure of the random set
X
( €t ) 0<e<dsp.
V2elogloge 1/ g<icn

Then our law of the iterated logarithm reads as follows.

Theorem 1.2: IfU C A is open and K,, == {I, < 1/2} € U, then As € U, for small ¢,
P,,-almost surely. In particular, As converges in P, -probability to K, as ¢ | 0.

Note that we cannot conclude almost sure convergence of A to K, because the first
countability axiom fails for M (R?) and hence for A. But one could consider a weaker
topology on M (R?) generated by a countable separating subset of BL(R?) instead of the
topology induced by the full space BL(R?). Then the Hausdorff topology on A would
be metrizable. There is a vast literature on functional laws of the iterated logarithm.
The original statement is due to Strassen (1964). Here we will adopt Stroock’s idea of

3



using large deviations to get the key estimates (see e.g. Deuschel and Stroock (1989)).
For ordinary Brownian motion, the local law has been stated in Gantert (1993). See also
Mueller (1981). In the measure-valued setting, moderate deviations have been used in Wu
(1994) and Dembo and Zajic (1995) to derive Strassen type laws for empirical measures
and processes. However, our situation differs somewhat from the above, because super-
Brownian motion does not have independent increments, and in addition, the rate function
depends heavily on the starting point of the process. As a consequence Theorem 1.1 alone
is not sufficient to provide the desired estimates.

So far we have discussed the cases where f(a) \, 0 as a | 0, and where g = 1. If
a = 1 we are in the regime of the following functional central limit theorem, which will be
an immediate consequence of the proof of Theorem 1.1.

Corollary 1.3: Suppose that fi,..., fn € BL(R?). Then, as 3| 0, the laws with respect
to P, of the R™-valued processes

%((fl,)?m, ol X)) (0<E<T)

converge weakly on C’([O, 1];R”) to a n-dimensional Brownian motion B with covariance

The paper is organized as follows. In Section 2 we will give exponential estimates
for the Holder norm of super-Brownian motion tested with some f € BL(R?), and these
estimates will be uniform with respect to the starting point. They rely on an embedding
theorem between certain Orlicz-Holder spaces. It can be found in the final Section 7 of
this paper. In Section 3 we will show (uniform) convergence of the multivariate Laplace
functionals as required for an application of the Gartner-Ellis theorem. Here we will also
indicate a proof of the CLT of Corollary 1.3. The proof of Theorem 1.1 can be found in
Section 4. In Section 5 we will state large deviation estimates that are uniform with respect
to some parameter, even though the rate function depends on it, too. This generalizes the
concept of ‘uniform large deviations’. The LIL of Theorem 1.2 will be proved in Section 6.

2. Uniform Holder norm estimates for super-Brownian motion

In this section we apply the results of the Section 7 to super-Brownian motion. But
let us first recall an estimate for its Laplace functionals, that will be used several times in
this paper. Define, for t > 0 and x € R,

if 1/t

00 otherwise.



It has been shown in Theorem 9 of Schied (1996) that, for any bounded and measurable
function f on R?,

(22) (ViPof, ) <108y [exp (f, X,)] < (PVAf, ).

These bounds will mostly be applied together with the Markov property of X and the
following extension of the branching property (1.1).

(2.3) Eu[exp (f, Xt)} = exp </logE5m [exp (f, Xtﬂ u(daz)),

which holds for g € M+ (R%), ¢t > 0 and bounded measurable f taking arbitrary signs. Cf.
Schied (1996), Lemma 6. For g € BL(R?), define the norm ||g||,, by

l9(z) — 9(y)|
195 = llgll + sup ,
o r#y lz — g
where || - || denotes the usual sup-norm used also for non-continuous functions f defined

everywhere on R%, i.e., || f|| = sup, | f(z)|. If w is a path in C[0, 1] we will denote with |w|,
its Holder norm with exponent v € (0, 1]:

w(t) = w(s)]

(2.4) |w|y = sup { s

s, t €[0,1], s;«ét}.

Lemma 2.1: Suppose we are given three positive constants L, M and B and some y €

(0,1/2). Then there exist By = Bo(M, B,d) >0 and R = R(L, M, B,~,d) > 0 such that
Pu[Rﬁ Xﬂﬁ)‘v > R} <e Lo

whenever (1, u) < M, ||fllz, < B, 8€(0,5) and a € (0,1].

Proof: Define

t2
@D(T,t):lrt + rvitd (t,r>0,t-r<1).
—tr

Then choose 3y such that ¢(Bg,3%) < 372, for all 3 € (0,39). When using in addition
the following simple estimate

(2.5) 1Peg — Psgll < |1Pi—sg = gll < llgll 5./ dlt — s,
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for g € BL(R?), one can prove as in Lemma 13 of Schied (1996) that, for f and 3 as above
and s,t € [0,1], s # ¢,

(2.6)

-0
<2- exp( <B\/Ci/7+ Vaﬁzzb(B/aﬂ\/m, af|t — s)

=20 (3 (BVad Vi [T 5 )

From here we conclude that there is a constant x > 0 depending only on M, B and d such
that (2.6) is bounded above by k¢, whenever 8 < By. Hence the lemma follows from
Corollary 7.1 below. Ul

3. Uniform convergence of the Laplace functionals

In this section we prove convergence of the multivariate Laplace functionals of the
process G (@) "as needed for the application of the Gértner-Ellis theorem. Moreover, we
will show that the rate of convergence is locally uniform with respect to the starting point
. This will enable us to derive uniform large deviation estimates in Section 5.

For0<t; <---<t,<land Aj,...,\, € Rdefine Z;, .4 (A1,...,An) by

Zpyoty( A1y An) = E[GXP (i AiB?“)]’
=1

where B is a standard one-dimensional Brownian motion starting from 0. Then the fol-

lowing recursion formula holds for n > 2.
(31) Ztl"'tn ()\1, ey )\n) - Ztl"'tnfl ()\1, e ,)\n_g, )\n—l —|— )\n) . Ztn_tnfl ()\n)

If p € MT(R?) and fi1,..., fn € Cp(RY) let
(3.2) 108 Zyut ot (Fir s f) = /log Zor o (P2, fo(@)) p(da).

The next Lemma will only be applied in the case where the functions ff below are all
identical to f;, for all i. However, the more general statement is necessary, because of an

induction argument in the proof.

Lemma 3.1: Suppose we are given positive constants K, 3y, b1,...,b, and 0 <t; < --- <
tn < 1. Assume furthermore that f; € BL(R®) with || f; < K and that ff s a bounded

[
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and measurable function on RY with ||f; — ff|| <bpB fori=1,....,n and 0 < 8 < (.
Then there are two constants C' and (31 depending only on K, By,n,d and by, ..., b, such
that

n

Z fz 7Xcvﬂ2t >:| _IOgZ ,t1~~~tn<fla--'7fn) S <1hu>057
=1

QI’—‘

’alogEu [exp (

whenever p € M (R, 0<a<1and0< 8 < B;.

Proof: Without loss of generality we may assume ¢t; = 0. Then the assertion is trivial if
n = 1. To prove the general case we proceed by induction. Applying the Markov property,
(2.2), and (2.3) yields

1 n
alogng[exp <EZ aﬁzt )} =
=1
1 ~ AN
<f1{87Xaﬁ2ti>>i| + Paﬁztn_hgﬁ(x) -
1

n

1

B afB?t, fﬁ('x)a

QIm

= alogEs, [exp (

i

where gﬂ(y) = alogEs, [exp (é(fg,)?aﬂz,))}, r=t, — tn_1, f;f_l = ff_l + B¢P and
Eﬁ = ff , for i <n —2. Let us investigate first the asymptotics of g”. To this end suppose
that 8 < ﬁ(n) = 1A By A (2K + 2b,)~1. Then the upper bound of (2.2) gives us that

1 1
B_B__p ., <P ., B _ B
RO . g ﬁ Q,B T’fn — Bpaﬁ 7‘<Vﬁ’l"fn fn)
1 k
= o 2_ Pagr (Brfl)" < rPager(£11) 4+ 2K +ba)°5.
k=2

Analogously, using the lower bound of (2.2), Rg > T(Pa52Tf£)2 — 2(K + b,)33. But
using (2.5) and [[f?[l, < 2[f] - [Ifll5, one can show that [lrPagz,(f7)* — r(fa)?|| and

17(Pagzr f2)% — 7(f2)?| are both less than (2K + b,)b, 3+ 2|/ f| - || f|l 5., (3?rd)1/2. Hence
there is a constant b such that |Rf — r(fn)2|| < b- 3 for all 8 < ﬁ@

Now we conclude for R? := B2t 1g ﬁ B2t 8= B2t Rg that

IR —rf2ll < IRg = rfall + | Pager ()7 = (fa)?

< Bﬁ"‘ 2”f” ’ ||f||BL \% d0‘62tn—1-

Hence there exists a constant ¢’ depending only on K, b, and d such that |R° —rf2|| < /3
for all § < ﬁ%n). Thus our assertion will be proved by induction once we have shown that
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the functions fvf_l and ﬁzfl = fn—1 + fn satisfy again the assumptions of our lemma.
But, for small 3,

£y = Faall SNy = Facall 4 189% = full < 0uB+ BIRG + | Pager fe — fal
Sgn—lﬂa

for a suitable constant b,_i. Moreover, fn_1 € BL(R?) with an_lHBL < 2K, and the
lemma is proved. L]

Proof of Corollary 1.3: Consider the particular case « = 1 in Lemma 2.1. The Arzela-
Ascoli theorem then shows that under P, the distributions of the R"-valued stochas-
tic processes (<f1,)?1’ﬁ),...,<fn,)/(\'1’ﬁ))/ﬁ are tight on C([O,l];R”), as B | 0. In ad-
dition Lemma 3.1 implies that the corresponding finite dimensional marginal distribu-
tions converge weakly to those of an n-dimensional Wiener process W with covariance

EWiWil=2t [ fifjdp. U

4. Proof of Theorem 1.1

Let us first recall a basic fact about the topological space Q := C([0,1]; M(R?)). It
follows immediately from Proposition 1.6 i) and Theorem 1.7 of Jakubowski (1986).

Lemma 4.1: Suppose wy € 2. Then the sets of the form

k
N{wea | [gwm) - (gwo@)] <0<t <1},
i=1
with k €N, g1,...,9x € BL(RY) and § > 0, are a base for the neighborhood system of wy
in §2.

FixneN 0<t; <---<t, <1landg,...,gr € BL(RY). Denote by H the linear
hull of ¢1,...,9x and by H,, the n-fold direct sum H @ --- ® H. H' and H], will be the
corresponding dual spaces. All these vector spaces are of course finite dimensional and thus
carry a unique locally convex topology. There is a natural projection py: : (M (Rd))n —
H/ given by

i=1
for i = (p1,...,pn) € (M(Rd))n and f: (f1,...,fn) € H,. Now suppose that we are
given a function B(a) such that 3(a) \,0 as a | 0. Then, for u € M+(R?), we define Q5

to be the law of pg (()?toi’ﬂ(a), . ,)A(f;’ﬁ(a))) under P,,.
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Lemma 3.1 implies that

alog/exp (éu(f)) Q}(du) — log thl...t"(f) for all f € H,,

as a | 0. Note that the functional log Z,, , ..., is differentiable throughout H,, and finite
everywhere. Hence the Géartner-Ellis theorem (cf. Dembo and Zeitouni (1993), p. 45)
implies that the measures @}, satisfy a large deviation principle with scale o and good rate

function

[P0t () = sup <U( ) =108 Zyuty- H)) (u € Hy).
feH,

FaBla)

Now we claim that, as « | 0, the H'-valued processes (pH/( . satisfy a large

))0§t§1
deviation principle in C' ([0, 1]; H' ) with good rate function

42)  Lim=  sup  LIT(pt),..n(t)  (ne C([0,1];H)).
0<t1<---<tp,<1

Indeed if «,, — 0, then Lemma 2.1 and the Arzela-Ascoli theorem show that the laws of

pH/()/f.a"’ﬂ(a”)) are exponentially tight on C([0,1]; H') with scale (). Now apply Lemma

19 of Schied (1996) with E := C([0,1]; H') and J denoting the set of all finite ordered

subsets of [0, 1].

It is easy to see that the spaces C ([0, 1; H' ) form a projective system indexed by
the vector spaces H as above (cf. Section 4.6 of Dembo and Zeitouni (1993)). Its pro-
jective limit lim C ([0,1]; H') will be denoted by X. It follows from Lemma 4.1 that

C(]0,1]; M(R%)) is homeomorphic to a subset of X, which will be identified with 2 in the
sequel. Hence P, extends to X', and the Dawson-Gértner theorem (cf. Dembo and Zeitouni
(1993), p. 144) asserts that the processes X@B(@) gatisfy a large deviation principle on X
with good rate function

(4.3) Iu(w) = Slépff(QH(w)) (we &),

where gy denotes the canonical projection from X to C’([O, 1; H' )

Using induction one proves that, for tg := 0, u = (u',...,u") € H, and u" := 0,

n i—1

ut —u
(4.4) LAt (w) = ) (t = tio) fﬁ”(ﬁ)'

i=1
Hence it follows from the proof of Theorem 1 (b) of Dembo and Zajic (1995) that
B I(w) ifweq,
(45) Tw) =
00 otherwise,

where I, is as in (1.4). Therefore we can restrict the large deviation principle in X to
Q = C([0,1]; M(R%)) by Lemma 4.1.5 (b) of Dembo and Zeitouni (1993), and Theorem
1.1 is proved. ]



5. Locally uniform large deviation estimates

In this section our goal is to prove a version of the lower bound in Theorem 1.1 which
holds locally uniform with respect to the starting point. Our result is Proposition 5.4
below. Fix 0 < t; < --- < t, <1, and g1,...,9x € BL(RY), and assume g,..., g to
be linearly independent. The vector spaces H, H’', H, and H/ will be defined as in the
previous section, and log Z,, will be the restriction to H,, of the functional log Z,, ;,
defined in (3.2). The Legendre transform of log Z,, will be denoted by J,.

----- tn

Lemma 5.1: Fizu € H}, and let D denote the set of all u € M+ (R?) for which J,(u) < oc.
Then there exist vector spaces H', ..., H" C H such that, for each i € D, there is a unique
fu € H'®---® H™ satisfying J,(u) = u(f,)—log Z,(f.), and J,(w) > w(f,)—log Zu(fg):
for each w € H!, which is different from u. Furthermore, if gt, ... ,g,ii is a basis of HY,

then f_/; regarded as a functional of p € D can be expressed as continuous function of the
coefficients [ gigt, dp.

Proof: Suppose first that n = 1. Write H as H = HY @ H*, where H° := {g € H | u(g) =
0}. Then, for each p € D, (f,g) — [ fgdu =: (f,g), defines a positive definite bilinear
form on H 1 because otherwise there would exist a function g € H' with u(g) > 0 and
log Z,,(9) = ti(9,9), = 0, which would imply that J,(u) = co. Hence there is a unique
fu € H! such that

(5.1) u(f) =2t1(fus ) (f € HY).

Then f, satisfies J,,(u) = u(f,) —log Z,(fu) = t1(fu, fu)u, and f,, depends continuously
on [glghdu (I,m =1,... k), if gi,..., g, is a basis of H'. Now fix u € D. To see
that J,(w) > w(f,) —log Z,(f,) for all w € H, w # u, decompose EIO into H)) ® GY,
where H) = {g € H°|(f,9), = 0,Yf € H} and GY is orthogonal to H' with respect to
(-,-)u- Then, if w(g) # 0 for some g € H}, we have that .J,(w) = oo, and the assertion is
trivial. Otherwise w can be regarded as an element in the dual space of H' @ Gg. Since
(5.1) extends to f € H' & GY,, the assertion follows from Lemma 2.3.9 (b) in Dembo and
Zeitouni (1993). If n > 1, use (4.4) and induction. []

Define probability measures @Z‘ on H/ by @fj(dv) = (Z3) 'exp (v(ﬁ)/a) Qg (dv),

where ﬁ was constructed in Lemma 5.1 and Z is the normalizing constant. Let J,
denote the functional J,(v) = J,(v) — v(f_;) + log Zu(ﬁ), for v € H),.

Lemma 5.2: For M, ¢ >0 and u € H!, let T' denote the set of all u € M+ (R?) for which
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(1,u) < M and J,(u) < c. If A C HJ], is closed, then, for all N >0,

Tim (1 0%(A) + inf J, /\N><O.
limy sup alog Qi (A) + inf J,(v) <

Proof: By the last part of Lemma 5.1, the set {ﬁ | € T'} is compact in H,,. Therefore,
if B C H,, is compact, {ﬁ + f| pw e, fe B} is compact again, and Lemma 3.1 gives us
that, as a | 0,

(5.2) L atog [[exp (2 o(F)) @) ~og Z,(F)| — 0,

where log Z,,(f) = log Z,(f, + f) — log Z,(f,.), for f € H,. For v € H, and N > 0, we
can find g, , € H, such that v(g, ) —log Zu (Guv) = j“ (v) AN. It can be seen easily that
the mapping I' > p +— g, , can even be chosen to be continuous with compact image B in
H,,. Hence, for 6 > 0, there is an open neighborhood O, > v such that

—

sup  [0(Guw) = w(Gu,0)| <6
HEl, we0,

Now, as usual, by the exponential Tschebyscheff inequality

sup (a log @Z‘(Ov) — ju(v) A N> < § + sup alog/ew(gf*’”) @z(dw) —log Zu(g*,“,) ,
pel’ pel’

where the second term on the right hand side converges to zero by (5.2). The assertion for
compact A now follows as in Dembo and Zeitouni (1993), p. 132, when using in addition
the continuity of T' 3 p — J,(v). Since T' 3 p +— log Zu(f) = log Z,,(f,, + f) —log Zu(f)
is continuous by Lemma 5.1, it follows as in Dembo and Zeitouni (1993), p. 49 that, for
each L > 0, there is a compact K; C H,, such that «log @fj(Kf) < e~ L uniformly in
p € I' and for each a € (0,1]. Standard arguments now show that the assertion holds for
arbitrary closed sets A. L]

The proof of the next lemma is an easy modification of part b) of the proof of the
Gértner-Ellis theorem in Dembo and Zeitouni (1993), p. 49 ff.

Lemma 5.3: For given M, ¢ >0 andu € H),, define ' as in Lemma 5.2. Then, for every
neighborhood U of w in H), lim in% (alog QLU) + Ju(uw)) > 0.
al0 ME
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Proposition 5.4: Suppose wy € C([0,1]; M(RY)) is such that I,(wy) < ¢, for some
p € MT(R?Y) and ¢ > 0. Then, for any open neighborhood U of wq, there is an open
neighborhood V.C M+ (R%) such that p € V and

lim inf alogIP’,,[)?o"ﬁ(a) e U] > —c.
al0 veV

Proof: Recall our convention that Q = C([0,1]; M(R?)). By Lemma 4.1, we can assume
that U is of the form

k

(5.3) N {w €| llgiw®) - (giwo®) < v},

=1

for some k € N, g1,...,9r € BL(R?) and ¢ > 0. Now choose v < 1/2, L > 1 and
M > (1,p). According to Lemma 2.1 there are g > 0 and R < oo such that, for
all @ < ap and v with (1,0) < M, P,[X*F(®) ¢ K] < e"L/® where K is given by
K = ﬂle {we Q| {gi,w(-))]y < R}, for |- |, denoting the Holder norm of exponent ~
as in (2.4). Clearly there is a finite partition 0 < t; < --- <t, < 1such that UNK C U,
where U = ﬂle N1 {w | Hgi,w(t;)) — (giwolt;))| < €/2}. Then, for v and «a as
above, ]P’V[)?O‘”B(a) ceU] > Py[)?a’ﬁ(o‘) € U] — e L/*. Now Lemma 5.3 applies to the term
P,[X*A() € U]: Let H denote the linear hull of g1, ..., gx, choose ¢’ € (I(wo), ) and let

D= {ve MO | (Lv) < M, L (g (wo(t), - wolta) < €'},

with pgs as in (4.1). Then it follows from (4.2), (4.3), (4.4) and the last part of Lemma
5.1 that p is an interior point of I'. In addition, Lemma 5.3 yields that

lim inf alogIPV[)?“’ﬁ(o‘) € ﬁ] +c¢>0.
«l0 vel

This proves the assertion. L]

6. Proof of Theorem 1.2

For open sets W, Vi,...,V, C Q:= C’([O, 1]; M(Rd)), define a subset U of A by

Z/{:{BGA‘BCW,BﬂVl;A(Z),...BﬂVn;A@}.

The sets U as above that contain K, form a base for the neighborhood system of K, in
A. See Castaing and Valadier (1977), Remark 2 in Section I1.2 and the proof of Theorem
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II-6, and note that there only the compactness of Ky := K, is needed. Hence the proof of
Theorem 1.2 reduces to showing that, for W, V' C Q open, the following two statements
hold true

(6.1) K, CcW = A; CW, for small , IP,-almost surely,
(6.2) K,NV#0= A;NV #£10), for all § > 0, P,-almost surely.

Define two functions o and ( by

1 1

(0<e<1l/e) and f[(a)=
\/ exp exp 5

(6.3) a(e) (> 0).

- 210g10g%

Then, for € as above,

A~

Xe.

V/2elogloge—1

(6.4) X©) .= xae)flae)

Let us first prove (6.1). Observe that, by compactness of K, and by Lemma 4.1, there
are k €N, g1,...,gr € BL(R?), and an open set U C C’([O, 1];Rd) such that the open set
U C Q defined by

U={wea| (g0l lgnw() € T}

satisfies K, C U C W. By lower semicontinuity of I,, there is some A such that
1/2 < XA < inf,g¢y I,,(w). Hence, by the upper bound of Theorem 1.1, ]P’M[)?(E) ¢ U] <
exp(—2Xlogloge~1), for all € that are small enough. The Borel-Cantelli lemma hence gives
us that, for any p > 1, {)?(pfn), XL .} C U, for large n, P,-a.s. But from this,
one can already deduce that {)?(5) | e < 5} C U, for small §, P,-a.s. See Deuschel and
Stroock (1989), Lemma 1.4.3 and its proof. The claim (6.1) now follows from regularity of
the topological space €.

To prove (6.2), observe first that K, NV # () for V' C  open, implies the existence
of some wy € V with I,(wy) < 1/2. Indeed, pick any w; € K, NV. Since Aw; — w; as
A 11, there is some A\g < 1 such that wg := Aow1 € V. But I,(wo) = A?I,(w1) < A%, Now
fix such an wy. Then, by Lemma 4.1, we can find k € N, § > 0 and g¢1,...,gx € BL(R?)
such that Ug’l C V, where

Ugy = ﬁ {w € ’ [(gi,w(r)) = (gi,wo(r))| <0, s <r < t},

=1
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for 0 < s <t < 1. First we claim that there is an £ > 0 such that
(6.5) for P,-a.e. w, 3 n; = n;(w) such that )?(En)(w) € U&E for all n > n;.

Indeed, define

®y(w) = max sup [{(gi,w(r)) — (gi,wo(r))|,
i=1,..., kOSrSt

for t > 0 and w € Q. Then each ®; is continuous and decreases to zero as t | 0. By Dini’s

theorem this convergence is even uniform on K,. Hence there is some € > 0 such that
K, C U§.. Thus (6.5) follows from (6.1).

Now fix & as above and introduce g-algebras F,, := o(X,|0 < s < e"), so that X (") is

Fn-measurable. Using the Markov property of X, we get that, for P,-almost every w € €2,
Pu[XCM € UG, | Fun] (@) =Pu[RE € U8 002, | Fra] (@)

=1 (XEI W) Py () [f((&") + (Xons1 (W) — pPensr)P € Uy |
0,e

Recall that IU5 ()A((gn)(w)) =1 for all n > ny by (6.5).
0,e

As a next step note that, for P,-almost every w, there is some ny = na(w) such that
X (") _ s (™) 5/2
IP)XEn+1(w) X + (X€n+1 (w) uP€n+1)P € UO,l—s > PXEM_I(UJ) X S UO,l

for all n > ny. This follows from the Feller property of (P;):>o and from X; — pas ¢ | 0.
Now recall that I,,(wp) < 1/2. We hence can apply Proposition 5.4 to get the existence of
some n3 = ng(w) such that

1

nloge—1 v 2 ns.

PXE (@) [5(\'(5”) c U(‘i/f} > e—a(e™)/2 _

n+1

Putting all these estimates together, we finally arrive at

1

e” 1
PN |:X( ) € U071 ‘ fn+1:| (Cd) > W

Vn >ny VngVng,

for P,,-almost every w, and hence
PRARCRES VS ) Far1] () = o0.
n=1

Therefore (6.2) follows from the next lemma, that can be proved as Theorem 46 in Chapter
V of Dellacherie and Meyer (1980), when using martingale convergence for decreasing o-
fields.
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Lemma 6.1: Suppose (0, F, P) is a probability space and (F,)nen are o-fields such that
FDOFoDF1 D If (An)nen is a sequence of events with A,, € F,, for each n, then,
modulo P-nullsets,

S pia ) A O
2 }

m=0n=m

7. An embedding result for Holder-Orlicz spaces

This section is taken from the author’s thesis Schied (1995). For some v > 0 and any
map w € C[0,1]" := C([0,1]";R) let

w(t) — w(s)]

(7.1) lw|, = sup { P

€ [0,1]", s # t}

denote the Holder norm of w with exponent . The Holder space H7[0,1]™ consists of all
maps w with finite Holder norm. More generally, for any normed space F, we can define the
space H?Y ([0, 1]™; E) of F-valued Holder continuous mappings. In his well known criterion,
Kolmogorov uses a moment condition to establish Holder continuity of the sample paths
of a stochastic process. Here we are going to give conditions, which guarantee that the
Holder norm of the sample paths even possesses exponential moments. Our main result is
the following corollary to Proposition 7.2 below.

Corollary 7.1:  Suppose £ is a continuous random field with parameter range [0,1]™ for
which there exist positive constants v, A and k such that

E[exp (ﬁmt—gsﬂ <K (s, t €[0,1]", s #t).

Then, for any v < 7,
—L\

Cn

P[|f|7/ ZL] < (1+k)exp (

):

where the constant c¢,, may be chosen in such a way that it only depends on v, '

and n:

n(l _|_p0|) . 2’7/+1

n
7.2 n = 1 th po = | ——| +1
(72) ¢ 1 — 2Py ((v=7")po—m) i po v—=7 *
and with [-] denoting integer part.
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For k > 0, let ®,, denote the function ®,(x) = (e* — 1)/k. The Luxemburg norm of
a measurable function f on () with respect to ®, then is given as usual by

\vmmziﬁ{ﬁ>oy/@4%bdpg1}

Note that, if we replaced ®,, by the mapping = +— xP, we would get the classical LP-norm
| fllp- The space Lg, (€2, P) of all measurable functions on Q with finite Luxemburg norm
is usually called the Orlicz space with respect to ®,. Here too, we can analogously define
Orlicz spaces Lg, ( (); E, P) of mappings taking their values in some normed space E.

Proposition 7.2: Letk > 1, 0 < < v and let || - ||, denote the norm in the
space H7<[O, 1]™; L%(Q,P)). Then every process € HV([O, 1]”;L¢H(Q,P)> possesses a
unique modification E lying in Lo, (Q; HY 0, 1]™, P). Moreover E satisfies

H ‘5‘7’

where ¢, can be chosen as in (7.2). Le., we have the continuous embedding

o <o lléll, .

HY ([0, 1" Ls, (O, P)> < Lg, (Q; H[0,1]", P).

Remark: The classical Kolmogorov criterion can be stated in the same fashion as Propo-
sition 7.2. In fact, inspecting the proof of Theorem 2.1 in Revuz and Yor (1994), p. 25,
one finds that

H+n/p ([o, 1" LP(Q, P)) < P (Q; HY'[0,1]", P> ,

forallp>1and 0 <~ <.

Proof of Proposition 7.2: Let H := [[¢]|, .. Then [|§ — &lle, < H - |t — s[7. Since
®,.(x) > 2P/(kp!) (x>0, p € N), we get that | -||s, > (kp!)~'/P| - ||, with |- ||, denoting
the usual LP-norm. Hence E[|&—&,|P] < ple HP|t—s|P7. Now we follow Deuschel and Wang
(1993). For p > pg, a version of the classical Kolmogorov criterion implies the existence of
a continuous modification ¢, satisfying E [|§ |g,} < plk(é, H)P with the constant

~ 27 +1

Cn = — .
1 —2-P (h=7)po—n)

Cf. Theorem 2.1 in Revuz and Yor (1994), p. 25 and its proof. In the case p < py Jensen’s
inequality yields that

r

BIER] < BIIER]™ < (pots) ™ (@ )P < pol wet Y.

16



By summing up, we can now extend these estimates to our Orlicz spaces. Indeed we get
that, for any ¢, H > g > 0,

o ()] =m X () Z (5 =gy

Now the right hand side is less than one, if 5 > (po! + 1) - &, - H. So by definition of the
. S (po! + 1) - ¢, - H, and Proposition 7.2 is

Luxemburg norm we conclude that || €. |y
proved. ]

Proof of Corollary 7.1: Our assumption implies that £ [<I>,.C (Alt—s]77]& —fs])] <1, and
hence that [|]],, < A™!. Now we can apply Proposition 7.2 to get that || [£.],/ < /A,

o
for any 7/ < . Consequently

P[[f.],y/ > L} < E[exp (@)] exp <—Q> <(k+1)exp (_L)\).

n C’I’L CTL

Hence the corollary is proved. L]
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